HETEROTOPIC ENERGY FOR SOBOLEV MAPPINGS

ANTOINE DETAILLE AND JEAN VAN SCHAFTINGEN

ABSTRACT. We study the notion of heterotopic energy defined as the limit of Sobolev
energies of Sobolev mappings in a given homotopy class approximating almost ev-
erywhere a given Sobolev mapping. We show that the heterotopic energy is finite if
and only if the mappings in the corresponding homotopy classes are homotopic on a
codimension one skeleton of a triangulation of the domain. When this is the case, the
heterotopic energy of a mapping is the sum of its Sobolev energy and its disparity
energy, defined as the minimum energy of a bubble to pass between these homotopy
classes. At the more technical level, we rely on a framework that works when the target
and domain manifolds are not simply connected and there is no canonical isomorphism
between homotopy groups with different basepoints.

1. INTRODUCTION

Given compact Riemannian manifolds M and N with m = dim M > 2 and maps
u,v € C®(M,N), we are interested in the heterotopic energy defined as

6111;37: (u’ U) = 1nf{hm lnf/ |DU] ’m
M

J—00

vj € C*(M,N) is homotopic to v and v; — u} :

In other words, the heterotopic energy quantifies the cost of approximating a given map
with mappings from a fixed homotopy class. Obviously, this quantity will be mostly
interesting only when v and v are not homotopic. In this introduction, we restrict to
smooth maps in our definitions and statements for the sake of simplicity, especially when
speaking about homotopy classes; the definition and the discussion extend to a lower
regularity setting, as we will carefully discuss in the body of the text starting from
Definition

Even though, to the best of our knowledge, the notion of heterotopic energy has never
been defined as such in the existing literature, such a problem of finding the minimal
energy cost for approximating a map from another homotopy class is a pervasive question
in the realm of mappings into manifolds. This is our main motivation for introducing
this quantity and studying its main properties. To be more specific, we list below a few
possible applications, along with references.

First, sequences of mappings converging weakly to a mapping in another homotopy
class appear in bubbling phenomena for harmonic and p-harmonic maps §4.5;
as)

Such sequences also appear naturally in the problem of weak approximation of Sobolev
mappings in WHP(M, ') where p € N and p < m = dim M, where weakly approximating
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sequences yield thanks to a Fubini argument and Fatou’s lemma sequences converging
weakly on p-dimensional submanifolds and subskeletons ,. The definition of
heterotopic energy shares many features of Bethuel, Brezis, and Coron’s relaxed energy
[4].

I Finally, this quantity provides a way of measuring the distance between homotopy
classes, in the spirit of, notably, , although with no apparent formal
mathematical connection.

The goal of this work is to characterize the heterotopic energy. To make more natural
the definitions that are necessary to state our main result, let us first present a naive
strategy to obtain competitors in the definition of Q‘Elllgf(u, v) in the special case where
M = N = S™. We assume for the sake of simplicity u to be constant in some small
geodesic ball Bp(a) C S™ with p sufficiently small; it is possible to return to this situation
thanks to the opening procedure, that will be explained in Lemma [4.20!

Since homotopy classes of mappings S — §™ are completely characterized by the
degree of Brouwer, we can define v; as the map obtained from u by inserting in the
smaller ball B,,j (a), with 0 < rj; < pand r; — 0 as j — oo, a map having degree equal to
degv — deg u; with this definition, it is clear that v; is homotopic to v and that v; — u
as j — oo. Hence, v; is a competitor for @lllgtn(u, v). To obtain a competitor as good as
possible, we are led to chose the map that we insert in the ball Brj (a) with an energy
as small as possible. In other words, we aim at taking a map that minimizes the W™
energy among all maps having degree equal to degv — deg u and with fixed value on the
boundary of the ball.

This seemingly naive strategy is at the core of our work. To implement it in greater
generality, we define, if u = w in M \ B,(a) with p sufficiently small, the topological
disparity [u,w, B,(a)] as the homotopy class of maps in C*°(S™, V) that are homotopic
to a map given by u| B,(a) O the northern hemisphere and by w| B,(a) O the southern
one (see §4.1). The topological energy of the disparity is then defined as (see

el (@) = int{ [ D] f € fww Byfa)] € C¥Em)}.

Here and in what follows, we assume that we have fixed once for all an identification of
the ball B with both the northern and the southern hemispheres of S™ that coincide on
the equator. Although the homotopy class [u,w, B,(a)] does depend on the choices of
orientations when identifying the geodesic ball B’p(a) with B™, this is not the case for its

energy thll’)gl( [u,w, By(a)]). We define the disparity energy of u with respect to v as (see

§4.3)

(’Sé’i:';(u,v) = inf{(‘fgc’,gl([u,w, B,(a)]) ’ w € C*®°(M,N) homotopic to v
and © = w in M\Bp(a)}.
We will show that the disparity energy induces a distance on homotopy classes in
C>®(M,N) (see Proposition below).

Our first main result is that the energy disparity is essentially equivalent to the
heterotopic energy.
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Theorem 1.1. For every u,v € C°(M,N),
1»
&L (u, v) / Dul™ + € g (u,v) . (1.1)

In particular, Qfl{l’erf(u, v) < oo if and only if u and v are homotopic on an (m — 1)-
dimensional triangulation of M.

The necessity of the homotopy condition for kall’eytn (u,v) < oo in Theorem is due
to Hang and Lin Theorem 6.1] (see also Theorem 4.1; Theorem 2.1]). This
condition is part of the pervasive phenomenon of homotopic stability on lower-dimensional
sets

When ./\/l Sm or more generaly if id ym-1 is homotopic to a constant in C(M™ 1 M),
then Ghet (u,v) < oo. On the other hand, we will have @h ¢ (u,v) = oo if, given
' v € C(M',N) that are not homotopic Wlth dimM <m—1and M = M x M",
we consider u(z’,z") == u/(2') and v(2/,2") := v/(2'); this may happen for instance if
7o(N) 2 {0} with M’ = S*, and thus in particular if A" = S*: assume that an (m — 1)-
dimensional triangulation M™~! is chosen so that it contains a product of M’ with a
triangulation of M” — we note that being homotopic on a triangulation does not depend
on the choice of the triangulation; in this case, u and v cannot be homotopic on M™™1,
for otherwise it would restrict to a homotopy on M’. We will also have GlllgT(u, v) =00
if u is constant and v € C*(RP™,RP") is the canonical injection of RP™ in RP" with
m < n, since v|gp1 is then the generator of w1 (RP™).

The identity in Theorem states that one cannot do better than the naive
strategy that we have just presented: modifying the map u only in a small ball to obtain
maps homotopic to v and converging to u yields the optimal contribution to (’Eig?(u, v).

In some special situations, the expression of the heterotopic energy can be simplified,
and allows to recover some familiar formulas. Corollary Corollary and Corol-
lary below follow directly from Theorem [1.1] the definition of the disparity energy,

and Proposition Proposition or Proposition respectively.
The model example deals with mappings into spheres, where the heterotopic energy

can be computed from the difference of degree between the maps v and v.

Corollary 1.2 (Mappings into spheres). For every u,v € C*°(M,S™),
(i) if M is orientable, then

(’Ehet u,v) / IDu|™ + m™?|S™||deg u — degv]
(ii) if M is not orientable, then

/ [Du|™ if u and v are homotopic,

1 M

i (u,v) =

/ |Du|™ +m™?|S™|  otherwise.
M

At the heart of the above formula is the fact that, for mappings between spheres,
the degree of Brouwer completely encodes homotopy classes. The difference from the
orientable and the non-orientable case comes from the fact that the degree of Brouwer is
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well-defined for sphere-valued maps defined on an orientable manifold, while when the
domain is not orientable, there are only two homotopy classes of maps into S™ (see also
the remark after Lemma .

A similar situation occurs for mappings into the real projective spaces RP™.

Corollary 1.3 (Mappings into projective spaces). Assume that M is simply connected.
For every u,v € C°(M,RP™),

(’Elll’eT(u, v) = / |Du|™ + mm/22|]R}P’m]du7v )
M

In Corollary dy,v is defined in terms of the covering u and v € C(S™,S™) of u and
v respectively, as d, , = |degu — degv| if m is odd and d,,, = ||degu| — |degv|| if it is
even.

In Corollary and Corollary the energy gap between the heterotopic energy and
the Sobolev energy is linear with respect to the difference of degree between the maps
u and v. As expressed by Theorem this is directly related to the rate of growth of
the minimal energy required to construct a map with fixed degree. For a general target
manifold N however, the such rate of growth need not be linear. For more details as well
as references, see Proposition and the comment below the proposition.

A common feature in both Corollary and Corollary is that the energy involves
the area of the homotopy class formed by the difference between u and v. Our next
statement expresses that this is not an isolated phenomenon, and that there is always a
relation between the heterotopic energy and the minimal area enclosed by the maps u
and v, provided that one works with the language of homology.

Corollary 1.4. Assume that M is orientable. For every u,v € C*°(M,N),
&t (w0 = [ [Dul™ + w2 Area([u(M)] - [o(M)]).
M

and equality occurs when m = 2 and the Hurewicz homomorphism hur: 7, (N) — Hp,(N)
is an isomorphism, where Area([u(M)] — [v(M)]) denotes the minimal area of a map
realizing the homology class [u(M)] — [v(M)], taking into account the multiplicity.

As will be shown, the lower estimate follows from the arithmetico-geometric inequality
to relate the Jacobian and the differential of a map, while the equality case follows from
the so-called Morrey e-conformality theorem , which is available only in dimension 2.

The assumption that M is orientable ensures that M itself is a homology cycle, so
that the cycles [u(M)] and [v(M)] are well-defined. In this case, for any ball B,(a) C M,
the homology class associated with the disparity between v and a map w homotopic to v
may be computed as

buc((u, w, By(a)]) = [u(M)] = [w(M)] = [u(M)] = [o(M)].

The increasing complexity of the statements of the above corollaries pertains to a
crucial technical difficulty when working with free homotopy classes, and that will be
of key importance to us in our choice of formalism to work with. When M = S, the
homotopy class [u, w, B,(a)] appearing in the definition of the disparity energy Q‘E(ll’ig)(u, v)
is the difference in 7, (N, u(c)) between the classes corresponding to u and w for any
c € M\ By(a). Letting b = u(c), the class corresponding to w will be independent on b
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if and only if the the action of 71 (N, b) on 7, (N, b) is trivial. This will be the case for
instance when 71 (N, b) ~ {0}, including in particular the case N’ = S™ (see Corollary
or when 71 (N, b) acts trivially on 7, (N,b), covering the case N' = RP" with m odd
(see Corollary [1.3). Otherwise, one needs to take into account the action of m (N, b)
on 7, (N, b); this is what Corollary does when m is even. On the domain side, the
homotopy classes from a general domain M to A do not have in general a group structure,
and we need thus a formalism that gives a meaning to the difference between homotopy
classes. These considerations show that purely algebraic manipulations in 7, (N’) cannot
describe the difference in topology and justify our need to rely on a formalism and
computation methods that take into account the way individual topological charges are
interlinked.

At the core of the proof of the upper estimate on @i;’?(u, v) lies the insertion strategy
that we sketched above. Concerning the lower estimate, it relies on an instance of a
bubbling phenomenon. Therefore, we next present a bubbling statement fitted to our
purposes.

Theorem 1.5. For every u,v € C®(M,N), if (vj)jen is a sequence in C°(M,N) that
converges almost everywhere to u, if for every j € N, v; is homotopic to v, and if
sup/ |Dv;|™ < o0,
JENJM
then up to a subsequence, there exist points ai,...,a; € M such that, for every radius
p € (0,00) sufficiently small, there exists a map w € C*°(M,N) such that w = u in
M\ Ule B,(ai), w is homotopic to v, for every i € {1,...,1},

N o N m 1m
. > ) . .
lli%lbniéﬂf/BT(ai)’D”” > €y ([u,w, By(ai)]) . (1.2)
and
! 1,m 1,m
Z Eiop ([u,w, By(a;)]) > @d’isp(u, v) . (1.3)
i=1

Bubbling statements, such as Theorem and its companion Theorem in the
body of the text, are ubiquitous in the study of weakly converging maps; see for instance,
but not only, Remark 1; Proposition 2.1; Theorem 3.1.5.1; Theorem 10.1;
Proposition 3.4]. We draw the attention of the reader to the very sharp and general
character of both bubbling results that we present here: they apply to any weakly
converging sequence, and they relate the atoms of the limiting measure towards which
the convergence of the differential occurs to the topological defect between the homotopy
classes, which can be realized by one given map w, homotopic to v, and which differs
from u only on a finite number of small balls. We believe that stating such precise results
and providing them with a complete proof is also of independent interest.

2. THE HETEROTOPIC ENERGY ON SOBOLEV SPACES

2.1. Continuous, VMO, and Sobolev homotopies. Whereas the introduction was
restricted to the case of smooth maps for the simplicity of the exposition, our discussion
can be extended to a lower regularity framework where the notion of homotopy carries
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out. It will therefore be instrumental to our endeavor to consider homotopies between
low regularity maps. For this purpose, we begin this section with a short exposition of
the notion of homotopy in various functions spaces. We start with the most classical
setting of continuous maps.

Two maps u,v € C(M,N) are said to be homotopic in C(M,N') whenever there exists
a mapping H € C([0,1] x M, N) such that H(0,-) = v and H(1,-) = v. When M is
compact, u and v are homotopic if and only if there exists H € C([0,1], C(M,N)) such
that H(0) = u and H(1) = v, where the space C(M,N) is endowed with the topology
of the uniform distance. Moreover, if N/ is compact, there exists § € (0, 00) such that
if d(u,v) < § everywhere in M, then u and v are homotopic. Indeed, it suffices to
take H(t,z) = Iz ((1 — t)u(x) + tv(x)), where Il is the nearest-point retraction of a
neighbourhood of N on N.

Most of the homotopy theory carries on in the framework of maps of vanishing mean
oscillation [13[14] (see also [6]). A function u: M — R” belongs to VMO(M,R")

whenever
lim sup ][ ][ (y)|dedy =0.
6—0 aeEM T‘ T‘

0<r<d
The space u: M — R" is endowed with the norm

llullBmo = [Jullis + |ulBmo

[ulBMmo = Sllp][ ][ (y)| dady.
ae/\/l

Continuous functions are a dense subset of VMO(/\/I,RV ) [43]. One defines then
VMO(M,N) := {u € VMO(M,R") | u € N almost everywhere} .

The topology of VMO(M,N) —and of VMO(M,R") — can also be described by the
basis of open sets (see [13, Lemma A.16])

{v M—)N’/ (u,v) < € and sup][ ][ ))dxdy<77}
oM B B (@

when w runs over all maps in VMO(M,N ) and €, ¢, and 7 run over all positive numbers.
One can then define maps u and v € VMO(M, N) to be homotopic in VMO(M, N)
whenever there exists a mapping H € C([0, 1], VMO (M, N)) such that H(0) = u and
H(1) =w.
Homotopy classes are also open sets in VMO(M, N):

where

Proposition 2.1 (Brezis & Nirenberg Lemma A.19]). The path-connected components
of VMO(M, N) are open.

For continuous maps, homotopies in VMO (M, ) and in C(M,N) are equivalent:

Proposition 2.2 (Brezis & Nirenberg Lemma A.20]). Given u,v € C(M,N), the
following are equivalent:

(i) uw and v are homotopic in VMO(M,N),

(ii) w and v are homotopic in C(M,N).
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Since C(M, N) is open, it follows that every path-connected component of VMO(M, N)
contains a unique path-connected component of C(M,N) Lemma A.21]. A stronger
result shows that the inclusion C(M,N) € VMO(M,N) is a homotopy equivalence [1].

Even though it will not be used in the sequel, it is conceptually interesting to note that
homotopies in VMO(M, N) can be characterized with maps in VMO([0, 1] x M, N):

Proposition 2.3 (Brezis & Nirenberg Corollary 3]). The maps u,v € VMO(M, N)
are homotopic in VMO(M,N) if and only if there exists a mapping H € VMO([0, 1] x
M, N) such that if t € [0,1/3], H(t,-) =u and if t € [2/3,1], H(t, ) = v.

We finally consider Sobolev mappings. We say that the maps u,v € W™ (M, N)
are homotopic whenever there is some mapping H € C([0, 1], WY (M, N)) such that
H(0) =wand H(1) = v.

Proposition 2.4. The path-connected components of W-™(M, N) are open.

The proof of Proposition relies on Schoen and Uhlenbeck’s seminal observation
that, even though averages of maps in W™ (M, N) do not converge uniformly, they
still take values close to the target manifold M (see [22, §4] for detailed similar
arguments for homotopies).

Proposition still holds in WYP(M,N) with p # m in an even weaker form:
connected components are sequentially weakly closed rather than strongly closed; when
p > m this is a standard application of the Sobolev—Morrey embedding and Arzela—
Ascoli’s compactness criterion; when p < m this is due to Hang and Lin [22].

The space VMO is the largest among the three that we consider in this section:
we clearly have C(M,N) < VMO(M,N), and it also holds that WY (M, N) —
VMO(M, N) by virtue of the limiting case of the Sobolev—Morrey embedding; see,
e.g., Example 1]. The notions of homotopy in W1 (M, N), VMO(M,N), and
C(M,N) are equivalent [@]; the proof also relies on Schoen and Uhlenbeck’s estimate.

Proposition 2.5. Given u,v € W™ (M, N), the following are equivalent:

(i) u and v are homotopic in WH™ (M, N),
(ii) w and v are homotopic in VMO(M,N).

If moreover u and v are continuous, then the previous assertions are equivalent to
(iii) u and v are homotopic in C(M,N).

For both continuous and VMO maps, homotopies could equivalently be defined as
mappings on the product [0,1] x M with suitable boundary condition, or continuous
mappings from [0, 1] to the corresponding space on M. In Sobolev spaces, a suitable
notion of restriction to the boundary is given by the trace. However, in contrast to the
situation in C(M, ) and VMO(M, N), one can have u = trjgyx pH and v = trgyy, pm H
with H € Wh™([0, 1] x M, N) without having v and v homotopic in W™ (M, N). Indeed,
one can take u,v € C*°(M,N) such that « = v on an (m — 1)-dimensional triangulation
M™ 1 and construct H by homogeneous extension from [0,1] x M™~ 1 U {0,1} x M.

2.2. Heterotopic energy. With these reminders about homotopies, we are now in
position to define the heterotopic energy for maps of lower regularity.
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Definition 2.6. Given u: M — N and v € VMO(M,N), we define the heterotopic
energy of u with respect to v as

v; € WH™ (M, N) is homotopic to v
and v; — u a.e. in ./\/l} . (2.1)

kallgt”(u’ v) = inf{liminf/ |Du;|™
M

J—00

Equivalently, one has

@i;?(u, v) = sup 1nf{/ |Dw|™ ’ w € WH™ (M, N) is homotopic to v
6>0
and / d(u, w)™ < 5} . (2.2)
M

The following proposition shows that we can further restrict the infimum in (2.2) to
smooth maps.

Proposition 2.7. If u: M — N and v € VMO(M,N), then

Qzlllgt?(u’ v) = sup inf{/ |Dw|™ ’ w € C®°(M,N) is homotopic to v
§>0 M
and / d(u,w)™ < 6} )
M

Proof. This readily follows from (2.2), the density of smooth maps in W™ (M, N) [45],
and the stability of homotopy classes in W™ (M, N) (Proposition 2.4). O

We next state a straightforward lower bound on the heterotopic energy, given by the
Sobolev energy of the map itself. In particular, it implies that a map u: M — N can
have a finite heterotopic energy only if it belongs to W™ (M, N).

Proposition 2.8. For every u: M — N and v € VMO(M, N),
[ pu < e,
M

In particular, if Q’i;?(u,v) < 00, then u € WL (M, N) € VMO(M,N).

Proof. Tf €. (u,v) < oo, then by definition in (2.1) there exists a sequence (v;)jen in
WLm (M, N) such that
lirnsup/ |Do;|™ < thlfg(u,v)
Jj—oo JM
and v; — u almost everywhere in M; by lower semicontinuity we then get that u is
weakly differentiable and

/]Du|m§1iminf/ |Du;|™. O
M J=o0 Im

The following proposition is nothing else but a lower semicontinuity property of the
heterotopic energy with respect to the convergence in measure.
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Proposition 2.9. If (uj)jen is a sequence of measurable mappings from M to N
converging to u: M — N in measure, then

€t (u,v) < liminf €7 (uj,0) .
J1—

Proof. This follows from the definition of heterotopic energy Gfll’eT(uj, v) (Definition
and a diagonal argument. O

We conclude this section with a straightforward exact computation of the heterotopic
energy of a map with respect to another map in the same homotopy class.

Proposition 2.10. If u € VMO(M,N) and v € VMO(M,N) is homotopic to u in
VMO(M,N), then

EL (, 0) = / Dul™ . (2.3)
M

Proof. The lower bound on Gigtn (u,v) follows directly from Proposition Moreover,
in view of Proposition we can assume that v € W™ (M, N), or equivalently, that
the right-hand side of (2.3) is finite. Therefore, we can use u itself as a competitor in the
equivalent definition , which immediately gives the upper bound and concludes the
proof. O

3. FINITENESS CRITERION

The goal of this section is to prove that the heterotopic energy can only be finite for
mappings that are homotopic on a suitable skeleton.

We assume that we are given a triangulation of our domain manifold M once for
all, that is, we have a finite m-dimensional simplicial complex and a homeomorphism
between the realisation of this complex and M whose restriction to any closed simplex of
the complex is a smooth diffeomorphism on its image in M. Since our domain manifold
M is smooth, such a triangulation always exists . For every ¢ € {0,...,m}, we let
M denote the (-dimensional component of M defined as the union of the images of the
closed /-dimensional simplices of the simplicial complex defining our triangulation.

Theorem 3.1. Let u: M — N and let v e C(M,N). The following are equivalent:

(i) € (u,v) < oo,
(ii) u € WE™(M,N) and u is homotopic in VMO(M,N) to some w € C(M,N)
such that w|ypm-1 = v| pym-1,
(ii5) u € WH™(M, N') and tr pgm—1 u is homotopic in VMO(M™ 1 N) to v| ypm-1.

Here and in the sequel, we require that the traces of the Sobolev maps that we consider
with respect to our fixed triangulation are compatible. More specifically, we write
u € W™ (M, N) whenever, for every (m — 1)-dimensional simplex o of the triangulation,
we have u|, € Wh™(o, ), and if 7 is another (m — 1)-dimensional simplex of the
triangulation such that dim(c N7) = m — 2, then tron, uly = trons ulr.

The space VMO(M™~ L, A/) is described similarly to VMO(M,N), using the mea-
sure by the Riemannian metric on M™ ! and the intersections of geodesics balls with
M™~1. By the fractional limiting case of the Sobolev-Morrey embedding combined with
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Gagliardo’s trace theorem, if u € W™ (M, N), then trym-1u € VMO(M™ L ) and
the corresponding mapping is continuous.

The remaining part of this section is devoted to the proof of Theoremm Obtaining
from is readily done by a standard argument involving the continuity of traces. To
go from to the core of the argument is a standard homotopy result for maps
that are sufficiently close in L™ and have sufficiently small W™ energy. Such a result is
stated in Proposition which itself relies on Lemma and is in line with Schoen
and Uhlenbeck’s seminal estimate.

In order to obtain from we proceed in two steps. We first explain, when
tr \gm—1 u is homotopic to v|ym-1, how to replace v with another map, with the same
trace as v on M™~!, and which is homotopic to v on the whole M. This task is carried
out by Lemma and Lemma and relies on a cylinder insertion construction, to
suitably modify the values of v near the skeleton M™~!. Thanks to this first step, one
may assume that u and v have the same trace on M™~!. The second step, which is
contained in Lemma consists of inserting, on a small ball inside each simplex of the
triangulation, a bubble to replace u with a map homotopic to v.

Lemma 3.2. Given ¢ € {1,...,m — 1} satisfying £ < p, there exists a constant such that
if u,v € WHWP(ME N, then for almost every x € MY,

1—£
P

d(u(z), v(z))P < C(/Me’DuPD + Dol + d(u, v)p) z (/

MZ

d(u, v)p>

Estimates like in Lemma are classical in the study of Sobolev mappings (3.6);
p. 453; Th. 1.1]. Its core ingredient is the Sobolev—Morrey embedding.

Proof of Lemma|3.2. Since M¢ is a finite union of diffeomorphic images of simplices, it
is sufficient to establish the estimate on an /-dimensional simplex, or equivalently on the
unit ball B¢,

Assuming that u,v € WP(B, \V), for almost every x € B and every r € (0,1], we
have

dua)o@) < dlu@)ul)dy+ fdauly) o)+ del).o@)dy.
BNBy(z) B‘NB,(z) BNB,(z)
(3.1)
We have then by the Sobolev—Morrey embedding

F (o) utw) dy < a5 /B Z|Du\p)’1’ (3.2)
B!NB,(x)
and

f dw@ o)y < ' ( [ [rDvrp)’l’, (3.3

BNB,(z)
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whereas by Jensen’s inequality

3=

][ d(u(y), v(y)) dy < Car™ v ( / d(u,v)p> : (3.4)

BNB(z) B¢

Defining ¢ € (0, 00) such that

tp/ |Duf? 4 |Dvl|? :/ d(u,v)P,
B B
the conclusion follows from (3.1), (3.2), (3.3), and (3.4), with r := min(1,?). O

With Lemma at hand, we are in position to state the following homotopy result
for maps that are sufficiently close and have controlled W' energy.

Proposition 3.3. There exists n € (0,00) such that if u,v € W (M, N) and if

1—-L L
(/ maremer) ([ awerm)” <o,
Mm—l Mm—l
then

(i) tr ppm—1 u and tr pgm-1 v are homotopic in VMO(M™~1 N,
(ii) there exist i € C(M,N) and v € C(M,N) that are homotopic in VMO(M,N)

to u and v respectively, and satisfying | pgm-1 = 0| pym—1.

Remark 3.4. By Young’s inequality, if
d(u,v)™

Em

<

/ Du|™ + [Dof™ + Uy
M £

then the assumptions — and hence the conclusion — of Proposition hold.

Proof of Proposition|3.5. By the homotopy theory in W1 (M, N), there exists 19 such
that if

/ |Du|™ + |Do|™ < np,
M

then u and v are both homotopic to a constant in W™ (M, A) and the conclusion then
follows.
Otherwise, since the volume of M is finite and since A is compact, we have

/ d(u, v)™ < 01/ Duf™ + [Do|™
M M

Letting ITx4 be the nearest point projection on M C R* and defining, for h € R* with
|h| < 6 and 0 sufficiently small,

u = o Tp(- — h)|m and ot = v o Thu( = h)la,

we have, by (i) Holder’s inequality, (ii) Fubini’s theorem combined with the fact that
IIp (- — h)|m is a diffeomorphism on M whenever h is sufficiently small and the change
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of variable, and (iii) the chain rule in Sobolev spaces,

1—L
/(/ |Duh|m+|DUh|m+d(uhaUh)m) (/ d(“h»“h)m> dh
35 Mmfl Mm,1
1—L
<([ [ D o+ o)™ dn)
B5 Mm71
1
x( / / d(uh,vh)mdh) (3.5)
35 Mm—l
1—L
<o [ pup e Doy dwo) ([ dwor)
M M
1—L 1
< [ pup o) ([ dwom)”
M M

The exists thus h € R* such that |h| <,
tI’Mmfl Up = Uh|Mm—1 S WLp(Mm_l)N) )
tI’Mmfl Vhp = Uh‘Mm—l S Wl’p(Mm_l7N) )

3=

3=

and

1 1
( / D™ + [Don|™ + d(un, vh)m> ( / d(up, vh)m)
Mm71 Mmfl

1—L1 1
< Cy (/ |Du|™ + ]Dv]m> (/ d(u, v)m> dh.
M M

By Lemma we have

esssup d(up,vp) < Csn,

zeMm—1
and thus in particular, if n is chosen sufficiently small, then tr p m-1 up and trpm-1 vy, are
homotopic as continuous maps and thus in W11/ mm( M™M= A, By the continuity of
the trace, trm-1 u and trm-1 v are homotopic in W=1mm(AMm=1 A} and we have
proved

In order to get we observe that u and v are homotopic in W1 (M, N) to some

@ € CM,N)NWL (M N) and © € C(M, N)NWL™ (M, N) respectively. By continuity
of traces, try m-1 4 and tr m-1 0 are homotopic in Wlfl/m’m(Mmfl,J\/‘), and thus in
C(M™=1 N) by virtue of Proposition By the homotopy extension property, @ is
homotopic to some mapping @ € C(M,N) such that @|ygm-1 = 9| \ym—1 and we conclude
with ¢ = 9. O

We now turn to the two following lemmas, that are concerned with suitable modifica-
tions near the skeleton M™ ! of maps whose traces on M™~! are homotopic.

Lemma 3.5. Let u € WM, N) and v € C(M,N). If trjm-1u and v|ym-1 are
homotopic in VMO(M™~L N, then there exists a mapping w € WH™(M, N') such that
tr -1 W = tr pm-1u on M™ L and v and w are homotopic in VMO(M, N).
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The key ingredient in the proof of Lemma is the following cylinder insertion
construction.

Lemma 3.6. Let U € WP([0,1] x OB™,N) and v € WHP(B™ N). If
trepycopm U = trogm v
and if W: [0,1] x B™ — N is defined by

Wit.a) = v(£5) if 2lx] <14t
T U(ﬁ—l fﬂ) if 20z > 1+t

|z ’ Jaf

then the map
t€[0,1] = W(t,-) € WP(B™, N)
is continuous, for every t € [0,1],

tropm W (t,-) = Ul(t,-),

and

W, )=wv.

Proof of Lemma|3.6. The proof follows from the continuity in Sobolev spaces of suitable
families of diffeomorphisms. O

Proof of Lemma|3.5. By a classical smoothing argument, we can assume that v €
CLM,N) C C(M,N)nWEm (M, N).

On the other hand, by the classical extension theory for Sobolev mappings, there is
some map U € WH™ ([0, 1] x M™~ 1, N)NCH((0, 1] x M™ 1, N) such that i pm—1 U =
trpgm-1 u. By the continuity of traces and transitivity of homotopies, U(1, -) is homotopic
to v| pym-1 in VMO(M, N), and thus in C(M, N') by Proposition 2.2} upon smoothing this
continuous homotopy and then using this smoothened homotopy to modify appropriately
the values of U on [1/2,1] x M™~1 we can assume further that trym-1 U(1,-) = v|\gm-1,
while preserving the fact that U € W1™([0,1] x M™~ 1 N).

We conclude by applying Lemma to o x [0,1] for every m-dimensional simplex o
of the triangulation M™ thanks to a suitable bi-Lipschitz homeomorphism between the
simplex ¢ and the ball B™. O

The last ingredient in the proof of Theorem is the following insertion of bubble
lemma.

Lemma 3.7. Let ug,u; € WHP(B™, N) N C(B™,N). If

trogm ug = trggm uq ,

and if
up(x) if |z > ¢,
Ut,x) = quo(t?x/|z|?) ift? < |z| <t,
u(z/t?) if o] <2,
then

(i) the map t € (0,1] = U(t,-) € WLP(B™, N) is continuous,
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(ii) for everyt € (0,1],
{z eB™ U@, x) # uo(x)} C B,
(iii) for everyt € (0,1],

t2(m—p)

DU, )P = / Duo(:v)|p<1 + ) dz + £20m7) / Duy|? .
/Bm‘ ‘ Bm\Bt‘ |l‘|2(m_p) m
Proof. Assertions|(i) and are straightforward. For one clearly has

/ DU, )P = / Dug|™
B™\ By B™\ Bt

/ DU (t, .)\p:t2<m—P>/ |Duy|P.
B,o m

t

and

Moreover, since the transformation x ~ t?z/|x|? is conformal, we have
2

<P
DUt,-p:/ Dug(t2z/|z|?)|P dx
[, [puc-) Duo(te/ o) 1o

Bi\B,2

» t2(p—m)
This concludes the proof of item (|

Proposition 3.8. Let u,v € WY (M, N). If trym-1 u and trypm—1 v are homotopic in
VMO(M™ L N), then
LT (u,v) < 00

Proof. Without loss of generality, we can assume that v € C*(M,N) € C(M,N) N
WM (M, N). Then, in view of Lemma we can assume that trym-—1 u = trym-1 v.
We then conclude by applying Lemma to any m-dimensional simplex o of the
triangulation M, up to a standard bi-Lipschitz equivalence between such a simplex and
B™. O

Proof of Theorem 3.1 Assuming that (i) holds, follows from Proposition and the
homotopy extension property. More precisely, by Proposition and Proposition we

find maps @, w € C(M,N) that are homotopic in VMO(M,N) to u and v respectively,
and satisfying | ygm-1 = W|ym-1. In particular, @|m-1 is homotopic in C(M™~ 1, N)
to v| pym-1. We conclude by applying the homotopy extension property to find a map
w € C(M, N'), homotopic to @ and thus to u, and that coincides with v on M™~ 1,

If holds, by a standard approximation argument, we can construct a mapping
w € CYM,N) € C(M,N) N WE?(M,N) such that u and @ are homotopic in
WEm(M,N) and such that @|ym-1 is homotopic to v|ym-1 in C(M™ 1 N), and
thus in VMO(M™~1, A'). By continuity of the traces, trym-1u and trym-110 are
homotopic in W'=/™m(AM™=1 A} and thus in VMO(M™1), so that (iii) holds.

Conversely, if holds, then is a consequence of Proposition and a standard
approximation argument. O
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4. IMPROVED UPPER ESTIMATE

4.1. Topological disparities. This section is devoted to an estimate on the heterotopic
energy, which in particular implies the upper estimate in Theorem 1.1. We start by
introducing the concept of topological disparity, and collecting some of its basic properties.
Given two mappings u,v € C(B™, N) such that u = v on OB™, we define the topological
disparity
[u, v, B™] € mp, (N, u(0))

as the homotopy class of the mapping w: B™ — N defined as

o) {u<4<1 ~lal)e) i fa] > 1/2
C | w(22) if |x| <1/2,

relatively to OB™. (The definition ensures that w|ggm = u(0).) B o
If p is sufficiently small, if we fix a diffecomorphism mapping a to 0 and B,(a) to B™,
we can define for u,v € C(M, N) such that ulyp, @) = vlo8,(a);

[u,v, By(a)] € mm (N, u(a))

accordingly, and it is a well-defined homotopy class (depending on the orientation of the
diffeomorphism).

We first prove that having zero topological disparity is a sufficient condition for being
homotopic.

Lemma 4.1. Let u,v € C(M,N). If u=v on M\ B,(a) and if
[u,v, By(a)] =0 in (N, u(a)),
then w and v are homotopic relatively to M\ B,(a).

Proof. Since [u,v, B,(a)] = 0, it follows from the definition of the topological disparity
that u and v are homotopic relatively to 0B,(a); since they coincide outside of B,(a),
they are homotopic relatively to M\ B,(a). O

The converse of Lemma fails in general. For example, if we take the projective
space M = RP*" and the sphere N = §?", if u = v on M \ B,(a) and [u, v, B,(a)] is
a map of Brouwer degree 2, then we can split this homotopy class into two maps of
Brouwer degree 1 and move one along an orientation reversing curve to show that v is
homotopic to u.

A straightforward property of the disparity energy is that it does not depend on the
choice of a ball outside of which v and v coincide — provided that one makes consistent
orientation choices.

Lemma 4.2. Let u,v € C(M,N). If p < o and if u =v on B,(a)\ B,(a), then
[u,v, By(a)] = [u,v, Bs(a)] in (N, u(a)),
provided the orientations on B,(a) and By(a) are compatible with the inclusion.

Proof. In view of the inclusion B,(a) C B,(a), there is a homotopy between the diffeo-
morphism between B™ and B,(a) and the one between B™ and B,(a) that can be used
to construct a suitable homotopy. (]
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As a converse to Lemma 4.2, we can always work with small balls up to a suitable
homotopy.

Lemma 4.3. Let u,v € C(By(a),N). If u=v on dB,(a) and if o < p, then there exists
w € C(B,(a),N') homotopic to v relatively to B,(a) such that w = u in B,(a) \ By (a)
and

[u, w, By (a)] = [u, v, By(a)] in Tm(N, u(a)) ,
provided the orientations on B,(a) and By(a) are compatible with the inclusion.
Proof. Choose 0 < ¢/ < o, and define

u(x) if z € B,(a) \ By(a)
w(z) = u(A(|z])z) if x € By(a)\ By (a
v(pxz/o') if x € By(a),

),

where \: [0/,0] — R is a nonincreasing function such that A(¢’) = p/o’ and A(o) = 1;
the map w can readily be checked to satisfy the required properties. [l

We now turn to a series of basic but useful properties related to moving, adding, or
merging topological disparities. For this purpose, we recall the definition of the action
of a path on a homotopy class. If f: B™ — N is a continuous map constantly equal
to b on OB and (: [0,1] — N is a continuous path such that ¢(1) = b, then the class
Celf] € mm(N,¢(0)) is the homotopy class of the map

f(2x) if |z] < 1/2,
C(2—=2Jz|) if |z| >1/2.
This corresponds to adding the path ( radially around the map f.

IBWBJJ'—){

Lemma 4.4 (Adding topological disparities). If u,v,w € C(B,(a),N), ifu=1v=w on

OB,(a), if v € C([0,1], By(a)) with v(1) = a and v(0) € dB,(a), then
(u o Y)u[u,w, By(a)] = (u o y)«lu, v, Bp(a)] + (v © y)«[v,w, By(a)]  in mm(N, u(v(0))) -
In the statement of the above lemma, the role of the assumption that +(0) € 0B,(a)

is to ensure that the boundary values of the different homotopy classes coincide.
If u,v,w € C(M,N), the conclusion still holds when u o v =v o y on y~1(M\ B,(a)).

Proof of Lemma4.4. This follows from the definition of the sum of homotopy classes
and a homotopy argument. O

Lemma 4.5 (Reciprocal topological disparities). Given u,v € C(By(a),N), ifu=v on
0B,(a), and v € C([0,1], B,(a)) with v(1) = a and v(0) € 0B,(a), then

(u 0 y)«lu, v, By(a)] = =(v © 7)«[v, u, By(a)] in mn (N, u(7(0))) -
Proof. Apply Lemma above with w = u. U

Lemma 4.6 (Moving topological disparities). Given v € C([0,1],M) and u,v €
CM,N), if u=v on M\ B,(7(0)), then there exists w € C(M,N) such that w = u
on M\ B,(v(1)), w is homotopic to v, and

[u, v, Bo(v(0)] = (w © 7)«[u, w, By(7(1))] in T (N, u(7(0))) ,
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where the orientation of B,(v(0)) is transported from B,(y(1)) through .

In the above lemma, if 7y is smooth, then the transport of the orientation is defined via
the parallel transport of a basis along . The definition is then extended to continuous
curves by a standard approximation procedure.

In the particular case where M is not orientable, v(0) = (1) = a, and ~y reverses the
orientation, one should understand that opposite orientations are taken on both sides,
and thus

[u,v, By(a)] = —[u,w, By(a)] in (N, u(a)).

This sort of transport can be observed (without the orientation part) in [34]. In [2| Ch.
4], a similar work is done with the universal coverings of M and N: in other words, one
writes v = maq © 7, and then the orientation is managed through the orientation induced
from 7(0), since the universal covering space M is simply connected and thus orientable.

Proof of Lemma4.6. By parallel transport and properties of the exponential map, there
is a mapping K € C([0, 1] x B™, M) such that K(-,0) =~ and for every ¢ € [0, 1], K(¢, )
is a homeomorphism to Bp('y(t)). By the homotopy extension property, there exists
a map W € C([0,1] x B™, N) such that W(0,-) = v o K(0,-) and for every t € [0, 1]
W(t,-)|ogm =u o K(t,-)|ogm. We define now

)z it ©
V@@:{ZSK@)())im;ﬁy@%

By construction, we have V(0,-) = v and w = V/(1, ) satisfies the conclusion. (]

Lemma 4.7 (Homotopy variations of disparities). Let ug,vg € C(M,N). If ug = vy in
MA\UL, By(a;) and if uy € C(M,N) is homotopic to ug, then there exist v; € C(M,N)
homotopic to vo such that uy = vy in M\ UL, B,(a;), and mappings ¢; € C([0,1],N)
such that (;(0) = uo(ai), ¢i(1) = ui(a;), and

[u, vo, Bp(ai)] = (Gi)«[u1,v1, By(ai)] in (N uo(ai)) -

Proof. By assumption, there is some U € C([0,1] x M, N') such that U(0,-) = up and
U(1,-) = uy. Since U(0,-) = v in M\ U_; B,(a;), there exists a map V € C(M,N)
such that V' = U on [0,1] x M\ U/_; B,(a;) and V(0,-) = vy. We let then vy == V (1, )
and ¢; = U(-,a;). O

Lemma 4.8 (Merging topological disparities). Given 7; € C([0, 1], M), we set v;(0) = ag
and ~i(1) = a;. Given u,v € C(M,N), if u = v on M\ UL, By(a;), and if the balls
(Bp(as))1<i<r are disjoint, then there exists w € C(M,N') such that w = u on M\ B,(a),
w s homotopic to v, and

1

[, w, By(ao)] = 3" (u o 7i)ulu, v, By(ar) in 7 (N u(an))
=1

where the orientation of B,(a;) corresponds to the one transported from B,(ag) through
Yi-
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Proof. Thanks to Lemma we can assume that B,(ag) is also disjoint from the balls

By(a1),...,B,(ar). Since m > 2, we can assume, up to a suitable homotopy, that for
every i,7 € {1,...,I} with ¢ < j and for every ¢ € [0, 1],
%i(t) & Bp(ay) - (4.1)

We first define wg = v. For every i € {1,...,I}, given w;_1 € C(M,N') homotopic to
v such that w;—; = u on M\ (B,(ag) U UJI‘:@' B,(a;)) and w;—1 = v on UJI:i B,(aj), we

define
uy = it I MA B (a:), (4.2)
u in B,(ai),

so that u; = u on M \ (B,(ag) U Uj[:iﬂ B,(aj)) and u; = v on U]I-:Hl B,(a;). We get
from Lemma applied to the reverse path to 4; a mapping w; € C(M, N) such that (i)
w; = u; on M\ Bp(ap) and thus w; = v on M\ (B,(a) U UJI»:H_l By(aj)) and w; = v on
U;Ziﬂ B,(a;), (ii) w; is homotopic to w;—1 and thus to v, and (iii)

[ui, w;, Bp(a())] = (uz 9] 'yi)*[ui, Wi—1, Bp(ai)] in Wm(/\/, uz(az)) . (4.3)
Since u o y; = u; o y; in ; (M \ B,(a)) in view of (4.1), applying Lemma we have
by (4.2) and (4.3)

(w0 7i)3  u, wi, By(ao)] = (w 0 7i);  u, us, By(ao)] + (i 0 7)5  [ui, wi, Bp(ao)]

= (u 0 %) u, wi1, Bp(ao)] + [u, v, By(ai)],
and thus
[u, wi, By(ao)] = [u, wi—1, Bp(ao)] + (v o v;)«[u, v, By(a;)] .
We conclude then by letting w := w; and taking the sum over i € {1,...,1}. O
4.2. The topological energy. Our next aim is to define the energy associated with

topological disparities. For this purpose, we first define the energy of a homotopy class.
We define, for o € m,,(N,b), the topological energy

elip(o) = in{ | D"

When N = S™, the topological energy is related to deg: m,,,(S™,b) — Z, defined as
the Brouwer degree, through an exact formula:

fe WL (B™ N) and f € J}. (4.4)

Proposition 4.9. For every o € m,,(S™,b),
Cyop (0) = m"™|8™||deg o] .

This formula is well-known, but we provide an argument for the sake of completeness.
We also refer to §8] for the case where m = 2, and Proposition 7.1] for a closely
related result and argument in any dimension.

Proof of Proposition[.9. Let f € WL™(B™ S™) be any map such that f € o. From the

arithmetico-geometric inequality, we deduce the pointwise estimate

jfngflm

mm/2
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On the other hand, from the Kronecker integral formula for the degree (see for example
Remark 0.7] or [17]), it holds that

| gt=5"|degol.
Bm
Taking the infimum over all such f € o, we deduce the lower bound

Eur (o) > m™?[S™| |deg o] . (4.5)

To prove the upper bound, we start with the case where dego = 1. In this case, given
€ > 0 and letting f: B — S™ be a an almost conformal equivalence between B™ and
S™ — this can be achieved by the means of a truncation of a rescaled stereographical
projection from R™ to S™ — we obtain

/ Df|™ = m™2|S"| + e,
B™

showing that (4.5) is actually an equality.
The case of an arbitrary degree then follows via (4.6) below, the idea being to construct
almost minimizing competitors by patching together scaled copies of the above map. [

As similar formula holds for the projective plane.
Proposition 4.10. For every o € mp,(RP™,b),
€y (0) = m™? 2|RP™||deg o,

where deg denotes the degree as a map to RP™, defined as the degree of the lifting when
m is odd and its absolute value otherwise [33).

The proof of Proposition follows the same lines as the proof of Proposition 4.9, The
extra factor 2 comes from the use of a lifting f: B™ — S™ of amap f: B — RP™, as each
point in RP™ is covered twice by the covering map S™ — RP™; see Proposition 3.8].

As we already mentioned in the introduction, there is a more general phenomenon
connecting the topological energy to the minimal area needed to realize the corresponding
homotopy class.

Proposition 4.11. For every o € my,(N,b),
E‘Etlc’f; (o) > m™? Areac,

with equality if m = 2, where Area o denotes the minimal area to realize the homotopy
class o by a continuous map, taking into account the multiplicity.

In the case where N is of dimension m and o also corresponds to a homology cycle [o]]
— which will be the case whenever the Hurewicz homomorphism is an isomorphism — then
Area o corresponds exactly to the area of the unique simplicial complex in the class of
[o], computed by summing the area of all the simplexes that it contains, counted with
their multiplicity.

Proof of Proposition .11, The proof of the lower bound follows from the exact same
argument as above, combining the arithmetico-geometric inequality with the area formula.
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To deduce the upper bound when m = 2, for every ¢ > 0, we apply Morrey’s &-
conformality theorem (see also [19]) to obtain a map f € o such that

/ IDf|? < 2Areac +¢.

The conclusion follows by letting e — 0. U

In Proposition and Proposition [4.10] the topological energy grows linearly with
respect to the relevant degree. However, such a rate of growth is not universal: there are
situations where the growth is governed by a power law with exponent less than 1. The
model case is the Hopf degree, which was first studied by Riviere (see also )
We note however that the energy growth is always sublinear; see below. In our
framework, we have the following two-sided estimate for the topological energy with
respect to the Hopf degree.

Proposition 4.12. For every o € myn_1(S*",b),

cldegy o'~ < En' (o) < Cldegy o\

where degy is the Hopf invariant.
Proof. When n = 1, this follows from Riviere’s sharp estimate on the Hopf invariant ;

when n > 2, Riviere’s argument adapts straightforwardly to get the upper bound and a
lower bound can be obtained thanks to Whitehead products . O

A similar phenomenon occurs for more involved homotopical quantities, connected to
rational homotopy theory; we refer the reader to for more details.

After this review of model computations of C%tl(’gl, and before we move to the definition
of the disparity energy, we collect some fundamental properties of the topological energy.

Proposition 4.13 (Norm properties of the topological energy). The quantity (’Etlc’)g has
the following properties:

(i) For every o € mpn(N,b), one has
Eu (o) > 0.

(ii) There exists n € (0,00) such that if o € T, (N,b) and
Eon'(0) <,

then o = 0.
(iii) For every o € mm(N,b), one has

1,m m
etop (_0) = QE1}op (U) .
(iv) For every o,7 € my,(N,b), one has
1,m 1,m 1,m
etép (U + T) S etop (U) + €top (T) .

(v) If ¢ € C([0,1],N) and o € 7, (N,((1)), then
€ (Geo) = €' (o) -
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(vi) The set
{€up(0) |0 € mu(N,b)}

1s discrete.

In other words, eigg is a norm on the group m,,(N,b) for which the isomorphisms
induced by the action of the fundamental groupoid Iy (N) are isometries.
It follows from Proposition 4.13/|(iii)| and (iv)| that

Cop (ko) < K] €7 (o). (4.6)

An important phenomenon to mention is that, in general, the reverse inequality to 1}
does not hold; this is the case for example when m = 4n — 1 and N/ = S?", one has
thoin Y(ko) ~ |k|*=1/(4n) (Proposition [4. . The question of determining the optimal
growth of ¢ (ko) with respect to k (Whlch is |k| for the Brouwer degree by virtue
of Proposmon and |k~ for the Hopf degree according to Proposition isa
challenging problem, which remains open in full generality; see for instance and the
references therein for more details and other partial results.
In particular, implies that the quantity

17
taorg([ua v, Bp(a)])
is well-defined and that it vanishes if and only if © and v are homotopic relatively to
0B,(a). It follows from Lemma 4.4 and Proposition and |(v) that
].7 17 1’
€Eiop ([u,w, By(a)]) < €0 ([u, v, By(a)]) + € ([v, w, By(a)]) -
The assertion implies that

Cop (u 0 7)efus v, By(y(1))]) = € ([u, v, By((0))])

Proof of Proposition 4.15. The nonnegativity in|(i)| follows from the definition.
By Proposition and the Poincaré inequality, there exists n € (0, 00) such that, if
f e Whm(B™ M), trggm f = b, and

/ DA™ <.
B'm

then f is homotopic to constant. Thus, if f € o, then o = 0, and follows.
For if ®: B™ — B™ is an orientation reversing isometry, given f € W™ (B™, )
and f € o, we have f o & € —¢ and

| poar=[ s

so that QS%(’)T;(—U) < thl(’,?(a).
For |(iv), assume that f,g € WH™(B™, ) and that f € o and g € 7. Taking ¢, d € B™
and d € (0,1) such that Bs(c) and Bs(d) are disjoint subsets of B" and defining

f(55°) if z € Bs(c),
h(x) = g(xT_d) if x € Bs(d),
b

otherwise,



HETEROTOPIC ENERGY FOR SOBOLEV MAPPINGS 22

/umw=/uww+/ymw.
B™ B™ B™

The conclusion then follows from (4.4).
In order to prove without loss of generality we can assume that ¢ € C1([0,1], V).
Given f € WH™(B™, V) such that f € o, we define for every ¢ € (0, 00)

f= {C(2 —2lz[°) i z[F > 1/2,

we have h € o0 + 7 and

f(2Yex) otherwise.

We compute then

m m e™|¢c’(2 = 2|x|8)|™
/ ‘Dfs‘ _/ ‘Df| +/ ‘C( m(l_’5)| )’ dx
B™ B™ lz|s>1/2 |z

< / IDf|™ + Ce™ !,

proving thus that
o (Ceo) < En'(0).
Considering the reverse path 5 defined by 5 (t) = ¢(1—t), we get, by homotopy invariance,
Eon(0) = € (CuGuo) < € (Guor)

and the conclusion follows.
Finally, follows from the decomposition into a bounded number of maps taken in
a finite set that are glued together through the action of IT; (N) th. 4; lem. 5.2;

and from |(v) O
Proposition 4.14. Let u,v € W-™(B™ N) N CB™,N). If u=v on OB™, then

@%5?([u,v,Bm])s/B yDu\m/B Do

Proof. By an approximation argument, we can assume that u = b on Bp. We define then

oy () il <
' u(%) if |z| > p.

Since v = u on IB™, we have w € WL™(B™, N) N C(B™, N), while it is straightforward
to observe that w € [u, v, B™]. By our additional assumption on wu, w|ggm = b. Since the
change of variable in the definition of w is conformal, we have

/ Du|™ = / Du|™ + / Dof™,
B™ B™ B™

and the conclusion follows. O
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4.3. The disparity energy. We are finally in position to define the energy associated
with topological disparities. We define the disparity energy

Qf(li’i:;(u,v) = inf{@tlég([u,w, B,(a)]) ’ w € C(M,N) homotopic to v
and u =w in M\ Bp(a)} . (4.7)

The infimum above runs over all balls B,(a) C M. However, Lemma and Proposi-
tion imply that we could as well have fixed the point a, and that the quantity

(’E(li’i:;(u, v) would not depend on this choice. By Proposition the infimum in
(4.7) is actually a minimum.

Proposition 4.15. The function Qfé’igf) is a distance on homotopy classes:
(i) For every u,v € C(M,N),
11
Qfdig;(u,v) >0.
(ii) There exists n € (0,00) such that if u,v € C(M,N) and
17
edig;(u7 7)) S m,

then u and v are homotopic.

(iii) For every u,v € C(M,N),
€ iy (1:0) = Ci (v,u).
(iv) For every u,v,w € C(M,N), we have
€ i (11, w) < € (1, 0) + €l (v, w).
Proof. Given u,v € C(M,N), the quantity (‘Ecll’g;(u, v) is clearly nonnegative, so that (i)

holds.
If moreover Qfé’g;(u,v) < 1, then there exists w € C(M,N) such that v = w in

M\ By(a), v and w are homotopic, and
1,m
6tc;p ([u, w, Bﬂ(a)]) < n.

By Proposition and Lemma u and w are homotopic relatively to M\ B,(a),
proving (ii)

Let u,v € C(M,N). Assuming that v € C(M,N) is homotopic to v and o = u
in M\ B,(a), we let @ € C(M,N) and ¢ € C([0,1], V) be given by Lemma [4.7, We
compute, with the aid of Proposition

Cop ([0, 1, By(a)]) = € (Ce[v, @, By(a)])
= ¢ ([v, i, By(a)])-
To conclude, we let v € C([0, 1], M) be such that (1) = a and v(0) € B,(a), and we rely
on Proposition and Lemma to obtain
€ ([0, By(a)]) = € (5 0 7)[8,u, By(a)])
= Eyp (—(u 0 7)[u, 3, By(a)]) = €y ([u, 3, By(a)),

so that follows using Proposition
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If u,v,w € C(M,N), assume that v € C(M,N) is homotopic to v and ¥ = u on
M\ By(a), and that w € C(M,N) is homotopic to w and @ = v on M \ B,(a). By
Lemma there exist w € C(M,N) and ¢ € C([0,1], ) such that @ is homotopic to
@ and w, w =0 =wuin M\ By(a), and

[0,10, By(a)] = ([0, 9, By(a)] in 7, (N,v(a)).

Fixing v € C([0, 1], M) such that ) = a and v(0) € B,(a), by Proposition
Lemma and Proposition we have

Cyap ([u, 0, By(a)]) = € ((u o 7)*[ 0, Bp(a)])
= & ((u 0 7)u[u, 3, By(a)] + (8 0 7)., @, By(a)))
< o (u 0 7)ufu, 8, By(a)]) + €35 (8 © 7)[, @, By(a)))
= & (u 0 7)u[u, 3, Bp(a)]) + €7 (G:[8, @, By(a))
= & ([, 9, By(a)]) + € ([v, @, By(a)])

so that follows. O

Another important property of the disparity energy is its continuity with respect to
the strong W™ convergence.

Proposition 4.16. If u € WY (M, N) N C(M,N), v € C(M,N), and (uj)jen is a
sequence in WH™(M, N') N C(M,N) converging strongly to u in WH™, then

1m
]lim (’Ed Sp(u], v) = € (u,v) .

Proof. This follows from Proposition [2.4/ and Proposition O

At the heart of our definition of the disparity energy is the following problem: given
two maps u and v, find the optimal way of modifying u inside one ball to obtain a
map homotopic to v, in order to minimize the energy of the resulting map. The next
proposition essentially encodes the fact that one cannot gain by allowing instead to
modify u on several balls.

Proposition 4.17. If u=v on M\ UL, B,(a;) with By(a1),...,B,(ar) disjoint, then

lesp s ’U < Zetop u, UvBP(ai)]) :

The idea of the proof is to use the merging tool provided by Lemma to gather all
the bubbles contained in the balls B,(a;) inside a common ball B,(a).

Proof of Proposition|4.17. Choosing v; € C([0, 1], M) such that v;(0) = a and ~;(1 ) i
with B,(a)N UL, B,(a;) = @, and applying Lemma we get a mapping w € C(M )
such that u = w in M\ B,(a), w is homotopic to v, and

I
[u,w, By(a)] = > (u o %)«[u, v, By(a;)] in 7, (N, u(a)).

=1



HETEROTOPIC ENERGY FOR SOBOLEV MAPPINGS 25
Hence, by Proposition and we get

Elon ([0, By(@))) < 37 € (w0 7). [, v, By(a))

M~

1

o
I

I
]~

@gg([u’ U, Bp(ai)]) )
1

.
I

and the conclusion follows. O

At the core of the proof of Proposition lies the estimate

I

€ imp (1,0) < €Ly (Do (u 0 %)l v, By(ar)])
=1

When 71 (N) ~ {0}, then the quantity on the right-hand side is independent on the
choice of the paths ~v1,..., 7.

In general however, it depends on 1, ...,7;. For example, if we take the projective
space M = RP?" and the sphere N’ = S?", if u = v on M \ U2, B,(a;) and [u,v, B,(a;)]
is a map of Brouwer degree d;, then depending on the way =1 and o transport the
orientation, either (u o v1)«[u, v, By(a1)]+(u o ¥2)«[u, v, By(a2)] will have degree +d; £da,
leading to different values of the energy.

Even when M is orientable, a non-trivial action of 7;(M) can also create such
phenomena. Indeed, if M = S™~! x S, if we take u,v such that ( =« o 7 is nontrivial
for 4 a loop along S!, we see that we have to consider (at least) all the quantities

I
€ i (u,v) < € (3w 0 7)oCBu, v, By(a)])
=1

for k; € Z, that have no a priori reason of being distinct.

The process of changing ~; only revolves around mappings that are homotopic to v
relatively to M™ ™2 (we can assume that the paths and the balls never intersect M™~2);
it turns out that maps can be freely homotopic without being relatively homotopic.

Proposition 4.18. Let n € N\ {0}.

(i) If n is odd, if f,g € C(RP™,RP") are freely homotopic, and if f(a) = g(a), then
f and g are homotopic relatively to {a}.

(ii) If n is even and a € RP"™1 C RP", then there exist f,g € C(RP", RP") such that
f =g onRP" 1 and f and g are freely homotopic, but f and g are not homotopic
relatively to {a}.

As a consequence of Proposition if N = RP"” with n € N\ {0} even and
M = RP" x M"” with dim M” = m — n, then there are maps f,g € C(M,N) such
that f and g are freely homotopic, f|ym-1 = g|pm-1, but f and g are not homotopic
relatively to M™™". Indeed, the homotopy extension property shows that the maps in
Proposition can be taken to be equal outside an arbitrarily small ball of RP" so that
they coincide of the (n — 1)-component of its triangulation.
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Proof of Proposition|4.18. Welet w: "™ — RP™ be the universal covering of the projective
space RP" by S”. Under the embedding as rank-one projections RP? C R(*+Dx(n+1) e
have 7(z) = z ® x.

When n is even, we define f := idgpr. Taking g(z) = (2/, —2") for (z/,2") € S* C
R? x R"!, we set, since g(—z) = —g(x),

g(m(z)) = m(g(x)),
and we fix a = 7(a) with a = (1,0,...,0). Setting for ¢t € [0,1] and z € S”

K(t,z) = (21 cos(nt) — mg sin(wt), 21 sin(wt) + @ cos(wt), =)
and, since K (t, —z) = —K(t, z)

)

K(t,m(z)) = m(K(t (2))),

we have K(0,-) = f and K(1,-) = g, so that f and g are freely homotopic. We assume
now that there is some H € C([O, 1] x RP",RP") such that H(-,a) = a, H(0,-) = f, and
H(1,-) = g. By the classical theory of lifting, since S" is simply connected for n > 2,
there exists H € C([0,1] x S, S™) such that for every (¢, z) € [0,1] x S",

n(H(t,z)) = H(t,n(x))

and H(-,a) = a. It follows then that H(0,-) = idg» and H(1,-) = g. Since deg(idgn) = 1
and deg(g) = (—1)"~! = —1, this cannot be the case.

If n = 20+ 1 is odd, assume that f = H(0,-) and ¢ = H(1,-) for some H €
C([0,1] x RP",RP"). If H(-,a) is homotopic to a constant, then an application of the

homotopy extension property gives a homotopy relative to a. Otherwise, one can note
that if we define G € C([0,1] x S, S") for = = (2/,2") € S C R x R”l by

G(t,x) = (' cos(nt) — 2" sin(nt), 2’ sin(nt) + 2" cos(rt)),
and then, since G(t, —z) = —G(t,z), G € C([0,1] x RP", RP") for every = € S" by
G(t,n(z)) = m(G(t (2))),

we see that G(0,-) = G(1,-) = idgpr while for every x € RP", G(-,x) is a generator of
71 (RP™). Hence, F(t,z) := G(t, f(z)) defines a homotopy between f and itself such that
the homotopy class of F(-,a) = G(-, f(a)) is a generator of m1(RP") (and the unique
nontrivial element when n > 2). By combining suitable homotopies, this brings us back
to the case where H (-, a) is homotopic to a constant. O

We now have at our disposal all the notions that are required to state and prove the
upper bound on the heterotopic energy as stated in Theorem

Proposition 4.19. If u € WY (M, N) N C(M,N) and v € C(M,N), then
(’Ehet u,v) / |Du|™ + (’fé’gg(u,v) )

Our main tool for the proof of Proposition is the following opening lemma (see
[9, Lemma 2.1]).
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Lemma 4.20. We define

up () = {U(I —rpy) dlelzr,

u(0) if || <r.
If
/ Dul@)™ 40 « o
m |x|ml
then

lim |Du, ™ :/ |Du|™ .
Bm™

r—0 B™
Proof. Setting for r € (0,1) and z € B™, ¥,.(2) := z+rx/|z|, we have U~} (2) = z—rz/|z|.

By the change of variable formula, we have

m—1
[ puewhms [ puriou)rgw < [ puap (14 L) dey
and the conclusion follows. 0

Proof of Proposition|4.19. We first assume that v € CY(M,N). Given ¢ > 0, we fix
aeM,pe(0,00),and w € C(M,N) such that w is homotopic to v, w = w in M\ B,(a),
and

1,m 1,m
Qstop ([u7 w, Bp(a>]) < Gdisp(u7 ’U) te.

By Lemma 4.20, there exists u. such that u, is homotopic to u relatively to M\ By (a)U{a}

and
lim/ |Du5]m§/ |Du|™.
e—0 M M

By the homotopy properties, we have
[us, w, By(a)] = [u, w, By(a)] in 7, (N, u(a)).

Inserting an element of [u.,w, B,(a)] minimising for (4.4), we get
(’Elligf(u,v) < / |Du|™ + Q’(li’ig)(u,v) +e.
M

Since € > 0 was arbitrary, the conclusion follows.
In the general case, if (uj)jen is a sequence in C'(M,N') which converges to u in
Whm (M, N), we have by Proposition and Proposition m

6111;;?”(u7 v) < lim inf Gi’g(uj, v)

Jj—00
. . m 1,m . _ m l,m
< h}ig}f (/M|Du]-] + @disp(u],v)> = /M|Du] + €iep(usv)

which proves our claim. O
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5. BUBBLING

The core of this section is the following bubbling result, companion to Theorem 1.5
as stated in the introduction, and which will be instrumental in the proof of the lower
bound on the heterotopic energy.

Theorem 5.1. Assume that v € C(M,N). If

(a) for every j € N, v; € WH™ (M, N') is homotopic to v in VMO(M, N,
(b) v; = u in LY(M,N),
(c) there exists a Radon measure p on M such that for every ¢ € C(M,R),

lim / [Duj|™p = / pdu,

7700/ m M
then there exist points ai,...,a;r € M such that, for every p € (0,00) sufficiently small,
there exists a map w € C(M,N) homotopic to u such that w = v in M\ U/, B,(a;) and

1
i > [Dul™ + 7 & ([w, v, By(ai)]) b, (5.1)
i=1

In other words, (5.1) states that if ¢ € C(M, [0, 0)), then

I
Jim [ 0wz [ Dule S el w0 Byan)]) olan)

We draw the attention of the reader to the fact that the relationships of the map
w with the maps v and v are swapped between Theorem in the introduction and
Theorem above. The statement in Theorem is somewhat more natural regarding
the definition of the heterotopic energy, but as the map w provided by the statement
is continuous, so needs to be as well the map with which it coincides outside of balls.
But, while it is not a loss of generality to assume v to be continuous, assuming u to be
continuous would be quite a strong restriction to the general framework of low regularity
maps that is studied in the body of this text.

As we already explained in the introduction, bubbling statements such as the above
are ubiquitous in the study of weak convergence phenomena for Sobolev mappings. The
main contribution here is to state a very precise and general result, valid for any weakly
converging sequence and relating precisely the limiting measure to the topological defect
between the converging sequence and the limiting map, and to provide a complete proof
of it.

In view of Lemma we can assume that [w,v,B,(a;)] # 0; one has then by
Proposition a bound on the number of points where the bubbling phenomenon
occurs, given by

1
I< M: — lim / |Du;|™.
n = Jm
Roughly speaking, the key idea behind the proof of Theorem is to construct the

desired map w by removing from vj, for j sufficiently large, the bubbles where the energy
concentration occurs.
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A first tool for the proof of Theorem is the following criterion for homotopies (see
for example [22, Proof of Lemma 4.4]), which we apply to ensure that the map w that
we construct is indeed homotopic to u.

Proposition 5.2. There exists n € (0,00) such that, if p € (0,00) is sufficiently small,
and if u,v € C(M,N)NWE™(M,N) satisfy
(a) for every a € M,

/ Dul™ + [Dof™ < 1, (5.2)
Bp a

(b) for every a € M,

][ du,v)™ <1,
Bp(a)

then u and v are homotopic.

Proof of Proposition|5.2. The argument follows the classical strategy of proof that goes
back to Schoen and Uhlenbeck (see also [13]), and we therefore only give a sketch of
it. Defining u,,v,: M — R” for r € (0, c0) sufficiently small by, for x € M,

up(x) == ]é ( )u and vp(x) = ]i; ( )v,

one observes that u, and v, take values in a small tubular neighbourhood of the target
N when r < p thanks to Moreover, the condition ensures that v, and v, are

uniformly close. This shows that u and v are homotopic. O

We also use the following extension property for Sobolev mappings, in order to remove
the bubbles formed by the weak convergence of the maps v;.

Lemma 5.3. There exists n € (0,00) such that if ug € WL (9B™, N) satisfies

/ Duol™ < 1,
OBm™

then there exists u € WH™(B™, N') N C(B™,N) such that trogm u = ug and

/ Duf™ < c/ Duo|™ .
B™ oB™

By a suitable scaling and exponential map construction, on every ball B,(a) C M of
sufficiently small radius, Lemma 5.3/ shows that if

p/ |Dug|™ < n,
8B, (a)

then there exists u € W (B,(a),N') N C(B,(a), ) such that tryp ) u = up and

/ Duf™ < Cp/ Dug|™ .
Bp(a) 83/3(‘1)

with a constant C' > 0 independent of p.
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Proof of Lemmal5.3. One first takes v: B™ — R” to be an extension of ug by averages
(for example a harmonic or hyperharmonic extension) and then applies a nearest-point
projection. For instance, following §3], one can set

— (1 — |g]2ym! uo(y) du -
o) = (=l Oy,

and show that

dist(v(z),N) < Cy (/ IDuolm‘l)ﬁ < @(/ml\Duomﬁ .

sm—1 S
One gets then the conclusion when 1 € (0, 00) is sufficiently small. O

We rely on the following mixed Poincaré inequality to estimate the distance in L™
between the map w that we construct and the map u on the balls where we perform the
modification, in order to check that the assumptions of Proposition are satisfied.

Lemma 5.4 (Mixed Poincaré inequality). If p € [1,00), then for every u € WHP(B™, RY),
if tropm u = u|ggm, one has

[ 1@ = utwpayaz < c [ pup.

B™ x0B™

By a straightforward scaling and local chart argument, on every ball B,(a) C M of
sufficiently small radius, Lemma implies that

f o ) P dyas <o [ pup,
Bp(a) 83;)(“) Bp(“)

with a constant C' > 0 independent of p.

Proof of Lemmal5.4. For a.e. y € 9B™, combining the mean value inequality, Jensen’s
inequality, and Fubini’s theorem, we have

! 1, ,1 »
1 —utrwpr=rar< [1( [ wutemias) = ar
0 o \J.
1,1
< [ [ wutsira - s
0 r
1 s
S/ |Vu(sy)|p/ (1—r)P~trm=ldrds
0 0

1 1
< / |Du(ry)[Pr™dr,
m Jo

and thus by spherical integration

| ute/leh —u@pdo< [ jalDuto)d. (5.3)
Bm™ Bm™

On the other hand, by the Poincaré inequality we have

[ o) =t asay < i [ pup. )
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Combining (5.3) and (5.4) with the triangle inequality, we get

[0~ ) ayda
OB™ xB™

—m [ uta/lel) - ul)l? dy dz

B™ xB™
<o [fluto/lal) - u@)P dyas+ [flute) - utw)P dyd)
Bm xBm B B
<C3 /BmDu|p. O

A last tool is a measure-theoretical lemma that describes the concentration of measures
on balls.

Lemma 5.5. Let 1 be a Radon measure on M, n € (0,00), and let
Ai={a€X|pla)2n}.
If p € (0,00) is sufficiently small, then for every x € M\ U,eca Bp(a), one has
p(Bya(x)) <1

Proof. Assume by contradiction that there is a sequence (p;);en in (0,00) converging to
0 and a sequence (7;);jen in M such that z; € M\ U,ca By, (a) and

(B, 2(x)) = 1.

Since M is compact, we can assume that (z;);jen converges to some a € M.

Given 0 > 0, if j € N is sufficiently large, B, »(7;) C Bs(a), and thus

u(Bs(a)) > (B, ja(x5)) 2 1.
Letting § — 0, p({a}) > n and thus a € A.
By assumption, we have
pj < lzj —al.
Taking a further subsequence if necessary, we can assume that
3lzj1 —al < |zj—al.
It follows then that if k& > j,
|2j — x| > |zj — al = |zx — af
:|xj—a\+|xk—a| |z; —al — 3|z —a
2 2
Pj + Pk
> 5 R
and thus B’pj/g(:zzj) N Bpk/2(xk) = &. We have then
(M) 2" (B, ja(x;)) = 00,

jeN

in contradiction with the finiteness of the Radon measure y on the compact space M. [
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We now have all the tools at our disposal in order to prove the main result of this
section.

Proof of Theorem|5.1. By a classical lower semi-continuity argument, we have for every

¢ € C(M,[0,00))
[ edn=tim [ [y [ pure,
M I J M M

so that, as measures,
> |Dul™. (5.5)

We now apply an approximation argument, in order to be able to work instead with
smooth maps. More specifically, by the strong density of smooth maps in W™ (M, ),
there exist sequences (4;) en and (9;)jen in C*°(M, N) such that

fim / Dit; — Duf™ + d(ity, u)™ = 0 (5.6)
J]—00 M
and
lim / |D1A)] — va‘m + d(@j, Uj)m =0. (57)
J—00 M

It follows from Proposition that for each j € N sufficiently large, the map 4, is
homotopic to u in VMO(M,N) whereas the map 9; is homotopic to v; in C(M,N).

After these preliminaries, we are at the heart of the proof of Theorem We first
study the points where energy concentration occurs. For some 7 € (0, 00) to be fixed, we
define the set

{ar,...,ar} ={a e M| p({a}) = n}.
If p € (0,00) is chosen sufficiently small according to Lemma then if j € N is
sufficiently large, for every z € M\ UL, B,(ai), we have

/ |Dv;|™ < n.
Bp/Z(ZE)

Indeed, assume that there is a sequence (z;);en such that z; € M\ UL, B,(a;) and

such that
[ oy
B, /a2(zj)

in view of the compactness of M, we can assume up to a subsequence that (xj)jeN
converges to some z, € M\ UleBp(al-); if ¢ > p, then

H(BU/Q(:C*)) > limsup/ |Dov;|™ > lim sup/ |Dov;|™ > 1,
j—o0 BU/2 Qj*) Jj—o0 Bp/Q(l'j)

so that
H(Bja() = i p(Bya(.)) = 0.

>

In view of the definition of the set {ai,...,as} and of Lemma this cannot hold when
p is sufficiently small.
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If j € Nis sufficiently large, we also obtain from (5.7) that for every = € M\UL B, (a;),

/ Di;|™ < . (5.8)
Bp/Q(x)

Concerning the energy around the concentration points, it is governed by the measure p.
More specifically, given € > 0, using (5.7) and assumption we may assume that j is
sufficiently large so that

/ D6;|™ < u(By(ai)) +<. (5.9)
By (a;

On the contrary, concerning the maps 4, we may have a small energy estimate on every
ball. Indeed, using (5.6) and Vitali’s convergence theorem, if p € (0,00) is sufficiently
small and j € N is sufficiently large, then for every z € M,

/ D™ < 7. (5.10)
B,(x

We now wish to construct our desired map w by removing the bubbles on the balls
B,(a;) by using Lemma For this purpose, we first find a suitable radius p to work

on. By a Fubini-type argument, relying on the assumption and using (5.6) and (5.7)
again, we can assume that

1700 /9B, (a:)

Moreover, by Fatou’s lemma and Fubini’s theorem, it also holds that

p P
/ (liminfr/ |D@jym)ﬁ < liminf/ (/ |D@jym) dr
0 ~JI7>® 3By (a;) r 170 Jo M OB(a

)
< liminf/ |Dv;|™ < o0,
M

j—o0

so that we can assume that
j—o00

liminfp/ |Do;|™ <e <n.
8Bp CL,L')

Applying Lemmato every ball B,(a;), we get a map ; € WH™ (M, N)NC(M,N)
such that i; = 0; in M\ UL_; B,(a;) and

/ Dity|™ < ogp/ Do, |™ < Che (5.12)
Bp(aq) pla;

It follows then that for every a € M,

/ Dty |™ < Can.
Bp/2(a)
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By the mixed Poincaré inequality (Lemma 5.4), we have

][ d(a, a;)™ < Cs (][ d(ay, a;)™
Bp(ai) 8Bp a;)
o )"+ s @) ) )
B,(a;) Y OBp(a;)
<Colf  dia)m / Diy|™ + [Digy|™)
8Bp(lli) Bp(ai)

If j is sufficiently large, relying on (5.11), (5.10), and (5.12)), we have

][ d(t, u;)™ < Crn.

Bp(ai)

In addition, if j is sufficiently large (depending on p), then

1 . 1 A
— ; d(t, u;)™ = — d(tiy, 05)™ <.
M\Uizl BP(ai) M\U Bp(al
We are therefore in position to apply Proposition and conclude that u; and 4; are
homotopic.
We now turn to the estimate of the disparity energy on the balls B,(a;). By Proposi-

tion we have then for every ¢ € I, in view of and ,

€l (05,65, By(a)) < (1+ Cop) [ Do;I" + D"
R Bya) ! (5.13)

< u(Bp(ai)) + Co(p+e).

The factor 14 Csp in (5.13)) accounts for the distortion when identifying B,(a;) with the
Euclidean unit ball B™. Since the range of @top is discrete ( Proposmon h v1 ), we
have for some p sufficiently small

o ([, 05, Bp(as)]) < pu(as)

The map w is then defined thanks to Lemma using that 9; = @; in M\ U/, B,(a;)
and that v is homotopic to ©; for j sufficiently large; it satisfies the conclusion in view of

Proposition U

Proof of Theorem|1.5. We apply Theorem relying on Lemma we may assume
that instead w = u in M \ UL, B,(a;), w is homotopic to v, and

b= (Dl 4+ 3 €S (. By (ar)]) 5, (5.14)
=1
where we have used Proposition and Lemma A standard smoothing argument
allows to obtain the additional regularity w € C*°(M,N).
The inequality (1.2) follows from (5.14) and properties of the convergence of measures;
(1.3) follows then from Proposition [4.17, O
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Let us observe that the above proof shows that the conclusion of Theorem holds
under the weaker assumption that u € W™ (M, N) N C(M,N) and v € C(M,N); in
this case, the map w that we obtain is only continuous, not smooth.

We are now in position to conclude the proof of Theorem|[1.1/— and even a low regularity
version of it — by proving the lower bound on the heterotopic energy.

Theorem 5.6. If u € W (M, N) N C(M,N) and v € C(M,N), then
&L (u, v) = / |Du|™ + (’%’gg(u,v) .
M
Proof. This follows from Proposition and Theorem (or more precisely, its lower
regularity counterpart, see the comment following the proof of Theorem (1.5). [l

We conclude with the following statement concerning the continuity of the heterotopic
energy with respect to the strong W™ convergence.

Proposition 5.7. If (uj)jen is a sequence in W™ (M, N') converging strongly to u €
WL (M, N), then

1 . 1
€t (u,v) = lim €7 (uj,v) .

Jj—00
Proof. This follows from Theorem [5.6/ and Proposition [4.16| O
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