GENERIC NON-UNIQUENESS OF MINIMIZING HARMONIC MAPS
FROM A BALL TO A SPHERE

ANTOINE DETAILLE AND KATARZYNA MAZOWIECKA

ABSTRACT. In this note, we study non-uniqueness for minimizing harmonic maps from
B3 to S?2. We show that every boundary map can be modified to a boundary map that
admits multiple minimizers of the Dirichlet energy by a small W!P-change for p < 2.
This strengthens a remark by the second-named author and Strzelecki. The main novel
ingredient is a homotopy construction, which is the answer to an easier variant of a
challenging question regarding the existence of a norm control for homotopies between
WLP maps.
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1. INTRODUCTION

Minimizing harmonic maps from B? to S? are defined as mappings with the least Dirichlet
energy

(1.1) E(u) = /33 |Vul?dz

among maps u € W?(B* §?) with fixed boundary datum u|, ., = ¢ € W22(0B3,S2).
Here, we minimize in the class of Sobolev maps with values in a manifold (in our case, a
sphere); for s > 0 and p > 1, this space is defined as

WP (M,N) == {v € WP (M,R"): v(x) € N for a.e. x € M},
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2 ANTOINE DETAILLE AND KATARZYNA MAZOWIECKA

where N' C R” is a Riemannian manifold embedded into R” (in our case, N' = S?) and M
is a compact Riemannian manifold (in our case, M = B3 or M = §?).

The space W12(B3,S?) is not a linear space, but it is nevertheless a complete metric space
endowed with the metric defined by

dist (u, v) = [lu — v|[yr12ps) -

We emphasize that, although being a subset of it, the class W?(B3,S?) exhibits some
striking qualitative differences with the linear space W12?(B3 R3). For example, not every
mapping u € W1?(B3 S?) can be approximated by smooth maps u; € C°°(B3,S?) in the
strong topology of W12 see [14, Section 4]. However, maps ¢ € WH2(S? S?) can be
approximated in W12 by smooth maps ¢; € C*°(S?,S?); see [13, Section 3].

For ¢ € W22(0B3 S?), we also define the space
12/ 23 Q2 ._ 12/ 23 Q@Y. ., _ 3 -
Wo(B,§%) = {v e W"*(B”,S%): v = ¢ on 0B” in the trace sense}

and note that this space is always nonempty. For instance, for a given smooth boundary
datum ¢ € C°(0B3,S?), one can easily construct an extension u € W12?(B3 §?) of ¢, sim-
ply by considering u(zr) = go(é—‘) More generally, any boundary map ¢ € W22(9B3,S?)
admits an extension u € W1%(B3 S?); see [6, Theorem 6.2]. Once again, we emphasize that
this is not an immediate consequence of the analogue property of linear Sobolev spaces.

For example, there exists a boundary datum ¢ € W22(8B3,S!) which has no extension
u e WhH(B3,S1); see [6, 6.3].

Minimizing harmonic maps satisfy the following system of Euler-Lagrange equations

—Au = |Vul*u in B3,
(1.2) { u o= on OB3.
It is known that for every non-constant boundary datum, the system (1.2) admits infinitely
many solutions; see [12]. Minimizers of (1.1) are not the only solutions to (1.2) (see, e.g.,
[5, Section 3]). However, even in the class of minimizing harmonic maps, we do not have
uniqueness for a given boundary datum ¢: B3 — S?; there are many known examples. To
list a few:

e in [3, Section 3], there is an example of a planar boundary datum which admits two
different minimizers, one with values on the southern hemisphere and the other one
with values on the northern hemisphere;

e in [4, 2.2. Corollary], there is an example of a boundary datum for which there
exists a 1-parameter family of distinct energy minimizing maps;

e in [7, Section 5], there is an example of a boundary map which serves as a boundary
datum for at least two minimizers, one singular and the other one regular;

e in [1, 5.5 Theorem], there is an example of a boundary datum with mirror symmetry
for which there are at least two different minimizers without the mirror symmetry.
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Nevertheless, in the class of minimizing harmonic maps, we have the following generic
uniqueness result ([1] attributes this theorem to Almgren).

Theorem 1.1 ([1, Theorem 4.1]). Let ¢ € W'?(S?/S?). For every ¢ > 0, there exists
v € WH2(S?%'S?) such that o = Yllpragey < € and for which there exists exactly one

energy minimizer u: B — S? having boundary datum 1. Moreover, 1 coincides with ¢
outside of B.(x) NS?, for some x € S2.

In [11], the second-named author and Strzelecki suspected that generic non-uniqueness
occurs, when taking into account small perturbation of the boundary datum in the topology
of the space WP for p < 2. The main result of this note is the strengthening of [11, Remark
4.1].

Theorem 1.2. Let p € C™(S?,S?). For everye > 0, there exists ) € C(S?,S?) such that
[0 = Yllyip(se 52y < € which serves as a boundary datum for at least two energy minimizing

maps from B to S? having a different number of singularities.

Otherwise stated, Theorem 1.2 asserts that boundary data for which non-uniqueness occurs
are dense in W'P(S% S?). This strengthens [7, Section 5] and [11, Remark 4.1], which
provide existence of one boundary map for which non-uniqueness occurs. To be precise,
as it is stated, Theorem 1.2 only asserts that boundary data subjected to non-uniqueness
are dense in C*(S?%,S?) with respect to the W1? topology. In turn, C*(S? S?) is dense
in WHP(S?'S?) (see e.g. [2, Theorem 1]), which ensures the density of boundary data for
which non-uniqueness occurs in the whole W1?(S? §?).

Both Theorem 1.1 and Theorem 1.2 are in line with the stability results: On one hand, it is
known that small perturbations of boundary data (for which there is a unique minimizer)
in the W2 norm do not change the number of singularities for corresponding minimizers
(see [7] for perturbations in the W'* norm, [10] and [8] for perturbations in the W2
norm). On the other hand, small perturbations of the boundary datum in the W1? norm
for p < 2 can change the number of singularities for corresponding minimizers [11].

We prove Theorem 1.2 in Section 3. To do so, roughly speaking, we follow an example
by Hardt—Lin [7, Section 5]. We start with any smooth boundary datum and use the
construction of a boundary map (homotopic to the original one) of [11] (see [9] for necessary
modifications) for which a Lavrentiev gap phenomenon occurs. In Section 2, we show that
a homotopy between these two maps can be chosen small in W1P-norm for p < 2, which is
the novelty of this note, and prove that within this homotopy, there is a boundary datum
with the required properties.

As we explained, our key contribution in this note, which allows the transition from the
existence to the density of boundary data where non-uniqueness occurs, is the homotopy
construction presented in Section 2. We conclude this introduction with some extra com-
ments concerning this construction.
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Assume that one is given 1 < p < 2 and two maps ¢ and ¥ € C*(S? S?) that have the
same topological degree. Therefore, there exists a continuous, and even smooth homotopy
connecting ¢ to . A natural question is whether or not, knowing that ¢ and v are
close with respect to the WP distance, one can choose the homotopy between ¢ and
1 to remain close to ¢ and v all along the deformation. More precisely, one could for

instance expect that there exists a constant C' > 0 depending on p such that a homotopy
H € C°(S? x [0,1],S?) between ¢ and 1) can be chosen so that

(1.3) o = Hillywrosey < Cllo = Yllyrnge, forevery 0 <t < 1.

Here, H,; stands for the map H(-,t). The question is already interesting if we assume in
addition that ¢ and 1 coincide outside of a small disk. For instance, one could ask whether
or not a homotopy such that (1.3) holds can be found under the additional assumption that
© = 1) outside of a ball of radius r, for some r > 0 sufficiently small, possibly depending
on the map ¢ that would be fixed in advance.

We are not able to solve this question, and a precise statement of the problem in a more
general context is given as Open Problem 2.3. However, we are able to solve a weaker
version of this problem, which is nevertheless sufficient for our purposes. Namely, we prove
that, if the maps ¢ and 1 coincide outside of a small ball, then a smooth homotopy between
them can be found such that [¢ — H|yy1(s2) is controlled, not by the distance between ¢
and v, but by the sum of their norms on a neighborhood of the region where they differ.
This is the content of the main result of Section 2, Proposition 2.1. This allows us to
deduce that, for a fixed ¢ and a given € > 0, one can choose the radius r > 0 sufficiently
small such that, for any map 1 sufficiently close to ¢ such that ¢ = 1 outside of B,.(z), a
homotopy H connecting ¢ to 1 can be found such that

I — HtHWLp(Sz) <e forevery 0 <t <1;

see Corollary 2.2. This is sufficient to prove our main result, Theorem 1.2, but does not
solve Open Problem 2.3, as in our proof the radius » > 0 of the ball outside of which the
maps ¢ and 1 are required to coincide has to depend on ¢, ruling out the possibility of
controlling || — Ht||W1,p(SZ) uniformly in ¢ solely by ||¢ — w||W1,p(SQ) with our argument.

Notation. We denote by B3 a Euclidean unit ball in R?. We will write S for the unit
n-dimensional sphere. For a point x € S™ and r > 0, we will write B,.(z) for a geodesic ball
of radius r around z. We will write A X B whenever there is a constant C' (independent of
all crucial quantities) such that A < C'B. Throughout this paper, the term minimizer will
always refer to an S?-valued mapping minimizing the Dirichlet energy with given boundary
datum.
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2. HoMOTOPY CONSTRUCTION

We will assume in this section that A is a (non necessarily compact) Riemannian manifold.
We work on the sphere S™, but the result may be readily extended to an arbitrary domain,
either an open subset of R" or a Riemannian manifold M of dimension n. We also always
assume that p < n.

Proposition 2.1. Let p € C*°(S™,N) and p < n. For everyr > 0, for every x € S™, and
every 1 € C°(S™, N') homotopic to ¢ and satisfying p = 1 on S™\ B,(x), there exists a
homotopy H € C*(S™ x [0,1],N) from ¢ to 1 such that

Sup o = Hillyrogny < C (||¢||Wl,p(Bzr<z>) + ||¢||W1,p(32r<$)>> ;

for some constant C' > 0 depending only on n and p.

This proposition can be used in combination with Lebesgue’s lemma to obtain a homotopy
which remains close to ¢ in WP, Indeed, choosing r sufficiently small, depending on
©, we may ensure that ||go||W1,p(BQT(x)) is as small as we want, uniformly with respect to

r. Since [[Yllropy @) < Nlwinm, @) T 119 = Yllwisgn. assuming in addition that
I = P llyip(ny 1s small, we can make supg<,<1 |9 — Hillyy1p(gny as small as we want. This
yields the following corollary.

Corollary 2.2. Let ¢ € C®(S",N) and p < n. For every e > 0, there exists r >
0 sufficiently small, depending on @, and there exists &6 > 0 such that, for every x €
S™ and every ¢ € C=(S",N') homotopic to ¢ and satisfying ¢ = ¢ on S™\ B,(z) and
lo = Vllwimgny < 3, there exists a homotopy H € C®(S" x [0,1], ) from ¢ to 1 such
that

Sup ||90 - Ht”wl,p(Sn) S E.
0<t<1

Proof of Proposition 2.1. Let G € C*(S" x [0,1],N') be any homotopy connecting ¢ to
¥ with Gy = ¢ and G; = ©. Since ¢ = 1 outside of B,(x), we may assume that G is
stationary outside of B,(z), i.e., for each ¢t € [0,1], we have G; = ¢ = ¢ on S" \ B,(z).
This claim can be proved with a by-hand construction, that we sketch below. We denote
by z the point at the antipode of x. Let ¥: S™ — S™ be a smooth map such that ¥ = id
outside of B,(x), and such that U maps the annulus B,(z) \ B,s(z) diffeomorphically
onto the annulus S\ (B,(x) U {#}), the circle B, 2(z) onto {2}, and the ball B, ()
diffeomorphically onto S™ \ {#}. It is readily observed that ¥ ~ id, through a homotopy
stationary outside of B, (). Therefore, the maps u o ¥ and v o ¥ are homotopic to u and
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v respectively, through a homotopy stationary outside of B,(x). Now, given a homotopy
G’ connecting u to v, a homotopy G” connecting u o ¥ to v o ¥ can be constructed by
prescribing that G” is stationary outside of B,, by letting G} = G} o ¥ on B, ; — which
corresponds to rescaling G’ from S" \ {z} to B,(x) — and extending smoothly on the
annulus B, \ B, /2. This is readily done by combining the observations that (i) v o ¥ and
v o W coincide also on B, \ B,/(v) and are constant on 0B, 5(x), and (ii) G} is constant
on 0B, /3(x). The required homotopy G stationary outside of B,(z) is then obtained by
patching the three above homotopies, from u to wo W, from uo W to vo ¥, and from vo ¥
to v.

Consider 7 > 0, which will be chosen sufficiently small at a later stage. We are going to
rescale G, @, and ¢ from B,.(z) to a smaller ball B,(x), while keeping them unchanged
outside of By, (x). More specifically, let (®;),.,.,; be a family of smooth diffeomorphisms
of S" such that ®, = id outside of By, (z) and such that, on By, (1), in the local chart given
by the exponential map around z, ®; is expressed as

{ (1—Zq)i+t7 if 2| < (1 —=1)r+tr,

& (e (ol = (L= r —tr) +r) i (1= )7 +tr <Ja| <20,

We define H € C*°(S™ x [0,1],N) by
po Py if0<t
Ht = Gg(tfl/g) o ®, lf =<t
Yo @y 393 1f $<t

Of course, H is a homotopy from ¢ to . It remains to show that, if 7 > 0 is suitably
small, then H satisfies the required estimate.

IA AN IA
— oonoOOIH

For 0 <t < %, we note that ¢ — H; = 0 outside Bs,(z). We readily obtain bounds on the
Jacobian and the derivatives of ®;, so that the change of variable theorem combined with
n — p > 0 implies that

I — Ht”wlp sny < [l (Bar(z)) T [ 0 P |y, 2(Bay(z)) ~ ||SO||W1P (Bar(x)) *
Similarly, for 2 2 <t <1, we have
lo — Ht”WLP(S") < HSOHWLP(BQT(x)) +eo (1)375”W1»P(Bgr(z)) S HSOHWLP(BQT(QJ)) + ”wHWLP(BQT(m)) :
Concerning % <t< %, we estimate
I = Hillywrogny < lllwros,. @) + ||G3(t—1/3) ° CI>1HW1,,,(32T(I))
S ||90”W17P(Bgr(1’)) + ||G3(t—1/3)HWLP(B%(JC)\BT(;E)) + T HGSt 1/3) wa (B2r(z))

Since the homotopy G has been assumed to be stationary outside of B,.(x), we know that
HGg(t_l/g)HWLP(BQT(LB)\BT(:B)) — ||90HW11P(32T(:):)\BT(:E))' On the other hand, by compactness, we
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have

0 Gy, < €

for some possibly large constant C7 > 0. We may assume that either [|¢[ly1,(5, () # 0 or
||¢||W1,p(B2r(x)) + O Indeed, if H(,0||W1,p(32r(x)).= 0= ||1/J||W1,p(32r($)'), this implies that both
¢ and v are identically zero — note that this may only happen if 0 € N'— and we may
directly conclude by choosing H to be constantly zero. As p < n, we may therefore choose
7 > 0 sufficiently small, depending on C', so that

n—p 1 2
T HG?,(tfl/i’))HWLP(BQr(x)) < ellwros, @) + 1Y lwrop,,. @) for every 3 <t< 3

Hence, we deduce that

1 2
lo — HtHWLp(Sn) S ”SOHWI,p(Bgr(x)) + ’WHWW(BQ,.(z)) for every 3 <t< 3

This concludes the proof. Il

In Corollary 2.2, both the 6 > 0 controlling ng—d}HWl,p(Sn) and the r > 0 depend
on €. A very natural question is whether or not one may find a homotopy H so that
sup<i<1 ¢ — Helly1s(gny is controlled only by || — ||y1gn). More precisely, we formu-
late the following open question (cf. [11, Problem, p.11]).

Open Problem 2.3. Let ¢ € C*°(S™,N'). Does there exist some r > 0, possibly depending
on @, such that for every x € S™ and every v € C*°(S™, N') homotopic to ¢ and satisfying
@ =1 on S"\ B.(z), there exists a homotopy H € C®(S™ x [0,1],N) from ¢ to ¢ such
that

S 19— Hillyanen) <@ (e = Yllyragen)
0<t<1

where w is a modulus of continuity satisfying w (t) — 0 as t — 0.

One may expect w to be linear in ¢, but any modulus of continuity would already be of
interest. The question is already interesting for maps S? — S2.

3. PROOF OF THE GENERIC NON-UNIQUENESS

Proof of Theorem 1.2. Fix ¢ > 0 and ¢ € C*(S?,S?). We note first that, by Theorem 1.1
combined with Holder’s inequality, we may find another mapping ¢y € C°°(S?,S?) which
admits exactly one energy minimizer uy: B® — S? among all maps having boundary datum
o, and such that ¢y differs from ¢ only on a set Bs(zo) for some zy € S? and is such that
€

5

We recall that, combining the regularity result [13, Theorem II] with the boundary regular-
ity [14, Theorem 2.7] of Schoen—Uhlenbeck, 1y can have only a finite number of singularities;
let us denote this number by M = # singu (possibly M = 0).

(3.1) I = @ollprmgy <
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Next, we apply Corollary 2.2 to ¢g € C*°(S?,S?). We obtain the existence of a § = §(¢) > 0
and an 7 = (g, ) > 0 such that for any ¢» € C*°(S?,S?) that differs from ¢, only on the set
B,.(z0) and such that o — ¥[[j15(s2) < 9, there exists a homotopy H € C° (S?x[0,1],S?%)
with

£

5

Let &1 := min{d,r, 5}. By [9, Theorem 2.3.1], we construct ¢; € C*(S? S?) with the
properties:

(3.2) sup |0 — HtHleP(S?) <
0<t<1

(1) degpg = degpi;

(2) |l¢o — @1llwre < &1 and g = oy except on B, (x) for some point z € S?;

(3) ¢1 admits only one energy minimizer u;: B3> — S? having at least M + 1 singular-
ities.

To be precise, the statement [9, Theorem 2.3.1] gives only that H*({z € S*: po(z) #
v1(x)}) < e1, but following the lines of the proof, we may deduce that ¢q = 1 except on
B., () for some point x € S?.

Now, let us take the homotopy H; between ¢y and ¢ constructed in Corollary 2.2. Let
7 :=supq{t € [0,1]: each energy minimizer with boundary datum H,

has at most M singular points in B*}.

We argue like in [11, Remark 4.1] (which is a modified argument from [7, Section 5]). For
the convenience of the reader, we state here the main lines of the reasoning. First, we note
that from the Stability Theorem [7], see also [10, Theorem 8.9], we have 7 € (0,1).

Now take s; 7 and a sequence of minimizing harmonic maps u; € W1?(B3 S?) with
ul‘ 0B — H,, and #singu; < M. Let us also take ¢; N\, 7 and a sequence of mini-
mizing harmonic maps v; € W1?(B3 S?) with Ui’am = H;, and #singv; > M. Since
sup; ([Hy,Jwr2(s2) + [HyJwr2s2)) < oo, we may deduce from the strong convergence of
minimizers, see [1, Theorem 1.2 (4)] (see also [10, Theorem 6.1 (3)]), that up to a subse-
quence we have

u; — v strongly in W'?(B3 §?),

v; — v strongly in Wh?(B3 §?),
and both u and v are energy minimizers with u‘aBS = U‘aBS = H,.. We claim that # singu <
M. Indeed, assume on the contrary that #singu > M. Then, by [1, Theorem 1.8 (2)]

(see also [10, Theorem 2.10]), we would obtain that for each y € singu and for sufficiently
large i, there would exist y; € sing u; with y; — y as ¢ — oo, a contradiction.

Moreover, # singv > M. To see this, let us again assume by contradiction that # singv <
M. Let now z;; € singv; for j € {1,..., M + 1} be distinct singular points of v;. Now
let us observe that for sufficiently large ¢, we know that that H;, and H, are close in
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C®°. Hence, by uniform boundary regularity [1, Theorem 1.10 (2)] (see also [10, Theorem
7.4]), there is a uniform neighborhood of the boundary B which contains no singularities
of v and v;, say dist (2,0B%) > A > 0 for any z € |J,singv; Usingv. Since singular
points converge to singular points, we deduce from [1, Theorem 1.8 (1)] (see also [10,
Theorem 2.5]) that for each j, we have z;;, — z; as i — oo and z; € #singv. The
only possibility for #{z1,...,2p+1} < M + 1 is that two singularities of v; converge to
the same singularity of v. This, however, is impossible, because by the uniform distance
between singularities [1, Theorem 2.1] (see also [10, Theorem 2.12]), there exists a universal

constant C' (independent of the minimizer) such that no singularity can occur next to z;
at a distance C'dist (z;;,0B%) > CA.

Hence, H,: S? — S? serves as a boundary condition for at least two minimizers u and v
having a different number of singularities. Combining (3.2) with (3.1), we obtain

€
oo = Hellwrsen < o = @ollwno + 190 = Hellrngn < o +e1 <
This finishes the proof. O

REFERENCES

[1] F.J. Almgren, Jr. and E. H. Lieb. Singularities of energy minimizing maps from the ball to the sphere:
Examples, counterexamples, and bounds. Ann. of Math. (2), 128(3):483-530, 1988. 2, 3, 8, 9
[2] F. Bethuel and X. Zheng. Density of smooth functions between two manifolds in Sobolev spaces. J.
Funct. Anal., 80(1):60-75, Sept. 1988. 3
[3] R. Hardt and D. Kinderlehrer. Mathematical questions of liquid crystal theory. In Nonlinear partial
differential equations and their applications. Collége de France Seminar, Vol. IX (Paris, 1985-1986),
volume 181 of Pitman Res. Notes Math. Ser., pages 276—289. Longman Sci. Tech., Harlow, 1988. 2
[4] R. Hardt, D. Kinderlehrer, and F.-H. Lin. The variety of configurations of static liquid crystals. In
Variational methods (Paris, 1988), volume 4 of Progr. Nonlinear Differential Equations Appl., pages
115-131. Birkhauser Boston, Boston, MA, 1990. 2
[5] R. Hardt, D. Kinderlehrer, and M. Luskin. Remarks about the mathematical theory of liquid crystals.
In Calculus of variations and partial differential equations (Trento, 1986), volume 1340 of Lecture
Notes in Math., pages 123-138. Springer, Berlin, 1988. 2
[6] R. Hardt and F.-H. Lin. Mappings minimizing the L? norm of the gradient. Comm. Pure Appl. Math.,
40(5):555-588, 1987. 2
[7] R.Hardt and F.-H. Lin. Stability of singularities of minimizing harmonic maps. J. Differential Geom.,
29(1):113-123, 1989. 2, 3, 8
[8] S. Li. Stability of minimising harmonic maps under W'? perturbations of boundary data: p > 2. J.
Differential Equations, 296:279-298, 2021. 3
[9] K. Mazowiecka. Singularities of harmonic and biharmonic maps into compact manifolds. PhD thesis,
University of Warsaw, 2017. 3, 8
[10] K. Mazowiecka, M. Miskiewicz, and A. Schikorra. On the size of the singular set of minimizing
harmonic maps. Mem. Amer. Math. Soc., accepted. 3, 8, 9
[11] K. Mazowiecka and P. Strzelecki. The Lavrentiev gap phenomenon for harmonic maps into spheres
holds on a dense set of zero degree boundary data. Adv. Calc. Var., 10(3):303-314, 2017. 3, 7, 8
[12] T. Riviere. Infinités des applications harmoniques & valeur dans une sphére pour une condition au
bord donnée. Published in Applications harmoniques entre variétés. PhD thesis, Université Paris VI,
1993. 2



10 ANTOINE DETAILLE AND KATARZYNA MAZOWIECKA

[13] R. Schoen and K. Uhlenbeck. A regularity theory for harmonic maps. J. Differential Geom., 17(2):307—
335, 1982. 2, 7

[14] R. Schoen and K. Uhlenbeck. Boundary regularity and the Dirichlet problem for harmonic maps. J.
Differential Geom., 18(2):253-268, 1983. 2, 7

(Antoine Detaille) UNIVERSITE CLAUDE BERNARD Lyon 1, ICJ UMRS5208, CNRS, ECOLE CENTRALE
DE LyoN, INSA LyoN, UNIVERSITE JEAN MONNET, 69622 VILLEURBANNE, FRANCE.

Email address: antoine.detaille@univ-lyonl.fr

(Katarzyna Mazowiecka) INSTITUTE OF MATHEMATICS,UNIVERSITY OF WARSAW, BANACHA 2, 02-097
WARSZAWA, POLAND

Email address: k.mazowiecka@mimuw.edu.pl



	1. Introduction
	2. Homotopy construction
	3. Proof of the generic non-uniqueness
	References

