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Abstract

We present some contributions connecting various notions from geometry and
topology in a low regularity setting. Our framework is the one of fractional Sobolev
maps from a Lipschitz manifold to a complete Riemannian manifold. Our main
result is a new approach to define the pullback in the sense of distributions of a
closed form by a Sobolev map relying on a lifting procedure to “kill” the cohomology
class of the form whose pullback is taken. On the way, we establish several results
of independent interest regarding low regularity mappings defined on Lipschitz
manifolds, including a strong approximation result by “almost smooth” maps as
well as existence, (essential) uniqueness, and selection principles for liftings of
Sobolev and vanishing mean oscillation maps. Our motivation comes from the
study of classical density problems for Sobolev mappings between manifolds, to
which such tools have proved to be instrumental.
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1 Introduction

The goal of this paper is to bring together two a priori unrelated notions from dif-
ferential geometry, namely liftings and pullbacks. These notions are classical and
well-understood in the smooth setting. Our goal here is to investigate how to define the
pullback of a differential form by a map with low regularity, and to obtain some insight
about how working with liftings allows to define robust pullbacks for maps less regular
than expected.

Let us start by briefly recalling some well-known definition and facts. If f: # — &
is a smooth map between two Riemannian manifolds .# and .#, /# being simply
connected, and if m: & — ./ is a Riemannian covering, then there exists a smooth map
@: M — & suchthat f = mog, called alifting of f. Moreover, such a map is unique once
its value at one point is prescribed. The importance of liftings comes from the fact that,
in general, a covering space has a simpler geometry and topology than the base space.
For instance, one can consider the universal covering, which by construction is always
simply connected. The most striking example is the covering space : R — $!, where

271X

the covering map 7 is defined by 7(x) = e“™*. In this case, passing to the universal



covering R completely kills the geometry and the topology of the base space, allowing to
be reduced to a linear setting.

Meanwhile, again if f: .#4 — & is a smooth map, and if @ € AF(#) is a smooth
k-form on ./, then one can define the pullback of w by f, denoted by f*w, which is a
k-form on . Pullback of forms are of crucial importance in differential geometry, in
that they provide a great source of topological invariants. For instance, if .# = $F =
and @ = wg is the volume form on $¥, then f*wg is the Brouwer degree of the map f
[20]. Similarly, the Hopf invariant for maps f: $3 — $2 can be defined via an integral
formula involving the pullback of wg: by f [44]. This applies more generally to any
topological invariant encoded by rational homotopy classes, as follows from the work
of Sullivan [41] and Novikov [34, 35, 36]; see also Hardt and Riviere [23].

Our contribution focuses on a low regularity setting. More specifically, we work
with f € WP (; V), where 0 < s < 1,1 < p < oo, where // is assumed to be
isometrically embedded into R" — without loss of generality, by virtue of the Nash
isometric embedding theorem [32, 33] — and where

WP (l; V) = {f e WP (M;R"): f(x) e N fora.e x € M}

is the Sobolev space of mappings from 4 to /V'; see the definition in (3.1).

In this setting, the existence of both liftings and pullbacks becomes a challenging
issue. Regarding liftings, as W*” maps need not be continuous when sp < k := dim ./Z,
the classical theorems from topology cannot be applied to deduce that they admit a
lifting. This is not just an issue related to the proof. Indeed, even if / itself is simply
connected, since W7 regularity allows for singularities, it is possible to construct a
W?#? map whose restriction to the complement of its singular set, which will be a non-
simply connected set, is a continuous map without lifting. The first example to such an
obstruction to the existence of a lifting for Sobolev mappings is due to Demengel [17];
see also Bourgain, Brezis, and Mironescu [8].

Concerning pullbacks of forms, the very first challenge is how to even define f*w
for f € W*P(ul; /). Indeed, the classical definition of f*w for a smooth f involves
taking products of k partial derivatives of f. If f € WV (.#; ), this can be adapted
mutatis mutandis, replacing the classical derivative by the weak derivative and using
Hoélder’s inequality to ensure that the resulting object is well-defined and belongs to L.
If f € WYP(u; /) with p < k, a first challenge arises from the fact that the resulting
object, which makes sense in the a.e. sense, needs not be defined a priori as an L! function,
or even as a distribution. Moreover, being able to define f*w as a distribution leads to a
new problem: It needs not coincide with the definition in the a.e. sense. An observation
of this fact goes back to Ball [3, Section 6] (see also Miiller [31] for related results, and



Brezis, Mawhin, and Mironescu [14] for the history of this problem and related issues).
But the real challenge arises when f € WP (.; /') with 0 < s < 1. Indeed, in this case,
f does not even have a full weak derivative, and hence it is not clear how to even define
f*w, as the usual formula does not make sense anymore.

The lifting problem for Sobolev mappings is by now quite well-understood, and there
is a full characterization of the values of s, p, and of the targets ./" such that every map
f e WeP(u; /) admits a lifting o € WP (M; ) [7, 8, 6, 30].

On the other hand, the exact conditions that allow to define f*w in a robust way for
WP (M ; V) remain yet to be understood. It is known that, when w is a closed k-form,
f 4 /7w is well-defined and it only depends on the homotopy class of f and the de Rham
cohomology classes of @. When . and f smooth and ./ = S¥, this is classical. For a proof,
see, e.g., Dincd and Mawhin [20]. Under the natural “weakest possible” assumptions,
this was proved in our recent work with Mironescu [19], relying on a generalization
of the VMO homotopy theory introduced by Brezis and Nirenberg [15]. However,
this method based on homotopical invariants fails, even in the smooth setting, when it
comes to defining / ' € [Tw against an arbitrary “test” function &. This generalization
is investigated by Brezis and Nguyen [13] when .# = $¥ = /" and, in a general setting,
in [19] for f € (WSP n WIVERYat; ).

Our goal in this article is to explain a possible strategy to use liftings in order to
push further the realm in which pullbacks of differential forms by Sobolev mappings
can be given a robust meaning. Apart from the low regularity setting induced by the
mappings themselves, we also work in a lower regularity setting as what is usually done
for our domain. Indeed, in the sequel, we do not assume the domain .Z to be a smooth
manifold, but only a Lipschitz manifold; see Definition 2.1. Our main motivation for
studying pullback of forms in such a low regularity setting of fractional Sobolev maps
on a Lipschitz manifold comes from the strong approximation problem for manifold-
valued Sobolev mappings, and more specifically, from our recent work with Mironescu
[19]. Indeed, in [19], we developed a rigorous framework for pullback of forms by low
regularity maps, which allows us to provide an analytic characterization of the .//"-valued
W*P maps that are strong limits of smooth /4 -valued maps. Instrumental to us was to
be able to work with pullbacks of forms by maps defined on boundary of cubes, as
strong approximation arguments make intensive use of decompositions of the domain
into cubes. Lipschitz manifolds provide a unified framework that contains this example
as a special case. In some sense, our work is a continuation of [19]. More specifically,
our main goal is to pursue the study of the distribution f*w as in [19, Section 5], and
especially as in [19, Sections 5.3 and 5.4].

Our main result in this work is as follows. Consider a normal covering 7: & —
A with & compact. Assume that w is a closed form, and that its pullback is exact,



ie, m'w = dy for some (k — 1)-form y on &. Then, we can “naturally” extend the
map WYk(a; ) > fe //% & frw to WI-Vkk(@t; ); see Theorem 4.11. Our result,
as compared to [19], does not require f € W*P(; V) with sp = k, thanks to the
assumption on w. The extension, which depends on the choice of y (more precisely, on
the (k —1)-th de Rham cohomology class of y; see Proposition 4.12), may have independent
interest when studying the density of Lip(/; #') in WP (M; NV').

On our way towards Theorem 4.11, we establish several intermediate results related
to lifting and approximation, which we believe are of independent interest.

Lifting in VMO A space of crucial importance when dealing with problems with a
topological and geometric flavour in a low regularity context is the space VMO of
functions with vanishing mean oscillation; see the definition in (2.6). This comes notably
from the fact that VMO is a slightly larger space than C 0 and in some sense the largest
space in which many invariants defined for continuous functions can still be defined in
arobust way. This includes notably, but not only, homotopy classes. We refer the reader
to the seminal work of Brezis and Nirenberg [15].

In Section 2, we establish a general theory of lifting for VMO maps defined on a
Lipschitz manifold. Our results include existence of a lifting, uniqueness up to a deck
transformation, and continuity of the lifting operation with respect to the convergence
in VMO. When the domain is a smooth manifold and the target is $! with its universal
covering given by R along with the exponential map, these results were established
by Brezis and Nirenberg [15]. Our contribution here is to handle the case where the
domain is merely a Lipschitz manifold, and more importantly to be able to work with
very general classes of covering spaces. A quite delicate aspect of our analysis is
to prevent the liftings we construct to “escape at infinity”. When working with the
covering space R — S! via the exponential map as in [15], this can easily be avoided
by translation. Here on the other hand, we need to provide a careful selection of deck
transformations to thwart this phenomenon. This only relies on the polynomial control
of the geodesic distance by the ambient distance, and on the normality of the covering.

A strong approximation result A very convenient way to prove the existence of lift-
ings or pullbacks for Sobolev maps is by approximation. Namely, starting from f €
WeP(M; V), one would ideally like to first consider a sequence of maps f; € C*(M; W)
that strongly converges towards f as { — +oo, define their lifting or pullback using the
classical theory for smooth maps, and then show that the resulting object passes to the
limit, hence providing a definition valid for the limiting map f.

However, in the context of manifold-valued maps, this is not always possible. Indeed,
smooth //'-valued maps need not be dense in the space of .#"-valued Sobolev maps. This



was first observed by Schoen and Uhlenbeck [40]. However, when the domain ./ is a
smooth manifold, one can instead work with a suitable class of “almost smooth” maps,
as devised originally by Bethuel and Zheng [7], and further developed by Bethuel [4],
see also Hang and Lin [22]. More specifically, define the class %;°(.#; /') as the set of
those maps f: .# — ./ which are smooth outside of a singular set § = &y made of a
finite union of i-dimensional submanifolds of ./, and such that

C

IV£I(x) < m,

for some finite constant C depending on f. Then, the class %~ (M ;) is dense in
WSP(M; N).

Working with a domain being a Lipschitz manifold features several new difficulties.

—Lspl-1

First, the definition of the appropriate class of almost smooth maps itself is not obvious,
as the proof of the density of %;° involves dual skeletons associated with cubuleations,
which may not exist in the Lipschitz case, see below. However, when i = 0, the required
adaptation is pretty clear: It is natural to work with maps that are locally Lipschitz
outside of a singular set made of finitely many point singularities. This is the choice we
make in this work, at the beginning of Section 3, to define the class %y we work with.

Another difficulty comes from the proof itself. Indeed, the standard approach by
Bethuel [4] and Hang and Lin [22] relies on decompositions of the domain into grids.
However, unlike smooth manifolds, Lipschitz manifolds need not admit a triangulation.
Indeed, when k > 5, nonexistence follows from the fact that (j) there exist closed
topological manifolds that cannot be triangulated; see Kirby and Siebenman [26] (see
also Manolescu [28]); and (jj) every topological manifold has a Lipschitz coordinate
system; see Sullivan [42].

To bypass this issue, we rely instead on a good an bad balls-type approach, in the spirit
of the work of Bousquet, Ponce, and Van Schaftingen [9]. The difficulties in our situation
are twofold. First,inthecase0 < s < 1, one has to deal with the non-local character of the
Gagliardo seminorm, and adapt all the corresponding estimates for the constructions
involved in the process, which are local by nature. Second, we include the limiting case
sp = k — 1, where the restriction of Sobolev maps to generic (k — 1)-dimensional sets
need not be continuous, which raises additional technical difficulties. To the best of our
knowledge, this is the first strong approximation result for manifold-valued Sobolev
mappings defined on a Lipschitz manifold.

About our geometric assumptions In most of our work, we will require our target
manifold #/* — or & — to be embedded into an ambient Euclidean space via a tubed
embedding, or even in such a way that the geodesic distance has polynomial growth with



respect to the distance induced by the ambient space; see the beginning of Sections 2.1 and 2.2
for the precise definitions. The first assumption is instrumental in order to reproject
mappings obtained, e.g., via an averaging procedure, back into the target manifold. The
second one enables us to relate the two possible definitions of VMO, with respect to
the geodesic distance or with respect to the distance induced by the ambient Euclidean
metric, through the use of the John-Nirenberg inequality. When the target manifold is
compact, it is automatic that it satisfies both assumptions. However, in the non-compact
case, thisisnot always true: For instance, noisometric embedding of the hyperbolic space
in a Euclidean space is a tubed embedding (see, e.g., the remark after the observation
p-1 in [38]). There are however many examples of non-compact manifolds satisfying
these assumptions. This is the case, for instance, for any universal covering of a compact
manifold whose fundamental group has polynomial growth, by combining [38, Main
theorem] with the Milnor-Svarc lemma [43]. This includes, for example, the case where
the fundamental group of the base manifold is abelian.

It would be interesting to know whether these assumptions are just an artefact of our
proofs, or whether they are really needed in order to ensure the validity of our main
results. For some closely related problems involving non-compact target manifolds,
examples are known where the way the target is embedded plays a decisive role. This is
the case, for instance, for the problem of strong density of bounded maps; see Bousquet,
Ponce, and Van Schaftingen [10]. Concerning the lifting problem, it was shown in [18,
Exemple 8.4] that higher-order Sobolev maps may fail to have a lifting if the embedding
of the covering space “swirls too much”; see also [29, (1.1)].

Perpectives and generalisations An arguable drawback of several of our main results
is the quite restrictive assumptions that they require. Our strong approximation result,
Theorem 3.1 and 3.2, is limited to the range k — 1 < sp < k, where the relevant class
of almost smooth maps is made of maps having point singularities, both for technical
reasons and for the lack of a clear candidate for a class of almost smooth maps with
higher-dimensional singularities in the framework where the domain is a Lipschitz
manifold. But most importantly, our main result regarding the pullback in the sense of
distributions, Theorem 4.11, is restricted to the situation where k > 3 and we work with
a compact covering space.

In this regard, the main contribution of this work is less the actual final theorems as
such rather than the ideas that are developed in their proofs as well as highlighting the
general method of defining distributional pullbacks via lifting. To be more specific, a
very natural perspective of generalisation to be explored is about more general fiber
maps. Consider for instance the Hopf fibration 7: $> — $2. This map also has the
“killing” property: If w is a closed 2-form on $? — for instance, the volume form of



$%2 — then 7" ws: is an exact 2-form on $3, because the second cohomology group of
S vanishes. Due to the Hopf fibration not being a covering map, our theory does not
apply in this setting. However, in presence of a suitable theory for liftings through the
Hopf fibration, the same procedure as we have devised in this work could be applied to
extend the range of definition of the pullback of w through a Sobolev map. However,
unlike for covering maps, the lifting of Sobolev maps through general fibrations is still
far from being understood. The special case of W#(B¥;$?) and of a lifting through
the Hopf fibration was studied by Bethuel and Chiron [6, Section 5] and by Bethuel [5,
Section 1.6].
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2 Lifting in VMO

In this section, we study existence, (essential) uniqueness, and selection principles for
liftings of maps with vanishing mean oscillation (VMO). This is in line with the seminal
work of Brezis and Nirenberg [15]. Here, the novelty is that we deal with domains being
mere Lipschitz manifolds, and that the covering space can be quite general, not being
restricted to the canonical covering R — S! by the exponential map. But first, we start
with some reminders about VMO and some basic facts about the types of manifolds
that we will consider as targets.



2.1 Definitions

Through this paper, and unless otherwise specified, we assume that ./ is a k-
dimensional connected and simply connected compact Lipschitz manifold embedded
into some R, with the induced k-dimensional Hausdorff measure. The definition of
Lipschitz manifold that we adopt in this text is the following one.

Definition 2.1. A k-dimensional finite chart structure on a compact set #4 C R™ is a finite
family {(U;, Vi, i) }ier such that

(1) U;jisopenin M C R™, Vi€ 1, and | J;c; U; is a cover of M ;
(if) V; is an open subset of]Rk, Viel;
(1ii) ¢;: Vi — U, is bi-Lipschitz, Vi € I.
We say that JM is a k-dimensional Lipschitz manifold whenever it can be endowed with a
k-dimensional finite chart structure.
By assumption on the maps v;, and since the chart structure is finite, there exists
0 < Kj £ K3 < o such that
Kilu —o| < |¢i(u) = i(v)| < Kalu —v|, Vi,Yu,v eV (2.1)
In particular, there exists rg such that

%’k(Br(x)) ~1K Yr<r,Vxe.. (2.2)

For further use, we also assume that r is sufficiently small so that, for any x € ./, there
exists i such that

B4\/EK2rO/K1(x) c u;. (2.3)

We also consider a smooth closed manifold /" embedded into R" and a Riemannian
covering 1 € C*(&; /). We assume that (i) 7 is locally isometric and non-trivial ; (ii)
& is complete, connected, and embedded into some R" via a tubed embedding. The
latter assumption means that there exists tg > 0 such that there is a well-defined and
smooth nearest point projection & + B, — &; see e.g. [38] for some results about tubed
embeddings that will be instrumental to us in the sequel. Sets with a tubed embedding
are also sometimes called sets with finite reach.

Next we define BMO. This can be done in a more general setting than the one of
Lipschitz manifolds. In the following definitions, we assume that .# is a connected,



compact doubling metric measure space equipped with a doubling measure p. For
f e FNM) = L (M;R), we define the seminorm

flvo = sup fB . fB F) = FEIdu) ),

xeM,0<e<eg
and let
BMO = BMO() = BMO(/; R) = {f € LY (M):|flsmo < oo} (2.4)

A similar definition can be given for maps in & Y;R™). Here, ey > 0 is some fixed
number. A natural choice would be to take ¢y = diam(.#), but different choices of ¢
give equivalent BMO seminorms, see e.g. [19, Corollary 2.2].

We now turn to VMO and its basic characterizations and properties, in the spirit of
Sarason [39]. For the exact statements we present, we follow [19, Section 2.1], to which
we also refer the reader for their proofs. For f € BMO and r > 0, we define

M:(f) = sup f f |f (y) = f(2) du(y) du(z) < |flemo, (2.5)
Bs(x) ¢ Bs(x)

xeM,0<s<r

and
M) = lim My(f).

We denote VMO = VMO(.Z) = VMO(A ; R) the closure of continuous functions with
respect to the BMO seminorm, i.e.,

[ IBMO

VMO = C(#)/R "". (2.6)
The space VMO(/;R") is defined similarly. By [19, Lemma 2.5], we have

VMO = {f € BMO: My(f) = 0}.
We also denote

VMO(M; V) = {f € VMO(A;R"): f(x) € N for a.e. x € M}. (2.7)

We next recall an approximation procedure adapted to the study of VMO, devised in
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[19]. Forx, y € # and ¢ > 0, let

-1
p(x, &,y) = [e —dist(x, y)]+, Klx, €)= ( / p(x,&y)d#(y)) ,
M
and set

£(x) = K(x, ) /ﬂ o(x, &, 1) f(y) du(y) = f% Fdlp(x, &, .

As averaging processes are not compatible with the nonlinear constraint induced by
A, the map f. needs not take its values into /" even if f does. An instrumental tool to
remedy this issue is the nearest point projection on .#", which we introduce below.

Definition 2.2. For 6 = 6(/) sufficiently small, we let I1 be the nearest point projection from
NMys = {z e R": dist(z, /) < 40} to N
Here, 0 is chosen such that I1 is well-defined, smooth, and has bounded derivatives.

By [19, Lemma 2.9], for each f € VMO(/; /), there exists some €1 = ¢1(f) such that
fe(x) e N5, Vx e M,NO < e<e,
and hence the map f¢ given by
fe=Mo fe: ll - N (2.8)
is well-defined, V0 < ¢ < ¢1, and the mapping
0,e1]3em fEeC(; )

is continuous.

2.2 The space VMO(.Z; &) for a target & with polynomial growth

Having in mind the objective of working with mappings with values into a covering
space, considering only maps with values into a compact manifold would be an unnat-
ural and overly restrictive assumption. In this section, we introduce the setting to work
with mappings into the covering space &. An important issue in this endeavour is the
presence of two, non equivalent for a non compact manifold, ways of measuring the
distance on &: the geodesic distance on &, or the Euclidean distance induced by the
ambient space R". We overcome this issue by introducing an extra polynomial growth
assumption on &, under which the BMO spaces defined using both these distances are
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equivalent; see Lemma 2.3.

More specifically, in this section, ./ is a connected, compact Lipschitz manifold as
in Definition 2.1, and & is a complete, connected Riemannian manifold isometrically
embedded into some R in such a way that the geodesic distance has polynomial growth
with respect to the distance induced by the ambient space:

dist (e1, ¢2) = distg (e, €2) < aqleq — ep| + azler — e2’°, Ve, ¢ € & CR". (2.9)

for some finite constants a1 and a; and some po € N..
In this context, a natural definition of the £(./; &) norm is

Il = [ dist(£(2), ) )
with some fixed ¢ € &. We let
LNM;&) = {f: M — & measurable : || f||41 < oo}

Clearly, this space does not depend on the choice of ¢. Let us emphasize that this
definition is not specific to our manifold context. It is tailored for a measured space .#
equipped with a finite measure y and a metric space &.

Foramap f € & Y ; &), we define its BMO seminorm by

flovo = sup fB . fB s, ) duy) dp),

xeM,0<e<eg

and let
BMO(; &) = {f € ZX(M;%):|flpmo < o0} (2.10)

In principle, the above BMO space depends on the choice of dist. The next statement,
which is not so obvious, asserts that, in the case of polynomial growth, the two natural
definitions of BMO yield the same space.

Lemma 2.3. Assume that # is a connected, compact Lipschitz manifold, and that the target
manifold & is complete, connected, and satisfies (2.9). Then, both definitions (2.4) and (2.10) for
BMO(A; &) yield the same space.

Proof. Since ./ is compact, given a map f in the space defined in (2.10), we have

/ |f|do* < / dist (f(x), ¢) dZ* (x) + |e|Z () < oo,
M M
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and

|f(x) = f(W)l < dist (f(x), f(¥), Vx,y €,

so that f belongs to the space defined in (2.4).
Conversely, we first notice using (2.9) that

/ dist (f(x), ¢) d* (x) < / () — o ds (x) + / () — e do ()
/A M /A

pPo
< //ﬂ |f(x)—e|d%’k(x)+( /ﬂ |f(x) — e| ¥ (x) (2.11)

+//%f(X)_f./ﬂf

The first two of the last three terms in (2.11) are finite, so that it only remains to

po
dz* (x).

estimate the last one. For this purpose, we first recall that r( is assumed to satisfy (2.3).
For simplicity, we further assume that K; = 1 and ¢;'(x) = 0 — which can always be
achieved by rescaling and translation of the charts. Therefore, going back to local charts,
we have

f f F() = F@P d7*(y) d* (2)
By (x) ¢ Byy(x)

< oi(u) — fo(v)*dud
<me(0) me«»'f Yilu) = f o i) du do

1
S Tk/ / |f o¢i(u) — f oi(v)° dudo,
0" JQip(0) /Qyy (0)

where Q,,(0) = (-ro, ro)k. Thus, using the John—Nirenberg inequality (see, e.g., [15,
(B.3)]), we have

f f F(y) - FRIP dst (y) do* (2)
By (x) & By, (x)

1 -1
< Lifoyp / / If o i) = f o i(0) du do
r2k BMOQnO) Jo, ©0) Ja,0

po—1 (1) — . .
S 1f e ¥ilgyo, o) fB( 0 fB . (O)lf oYi(u) — f otpi(v)|du do (2.12)
krg krg
< I f ~ f(2)|dZ* (y) dZ* (2
|f |BMO(BWK2rO(x)) " B\/%Kzro(x)lf (y) - f ()l (y) (2)

< My, (AT < [Myy (T,
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where, in the last inequality, we use [15, Lemma A.14] (there, the result is for a smooth
A, but both Lemma A.14 and its proof have straightforward versions on Lipschitz

manifolds).
Let us consider a maximal collection of disjoint balls {B\&KzrO /z(xj)}]T:y so that the

family {B\&K2 ro(xj)}].T:1 is a covering of .. Since ./ is connected, there exists a chain
in {B\/zK2 ro(xj)}].T:1 that connects x; and x;.. For simplicity, we relabel the chain as
{Bré(yg)}ﬁzl, with (i) rj = VkKarg and L < T; (ii) y1 = xXj, yr = xj; and (iii) By (ye) N
By (ye+1) # @ for 1 <€ < L — 1. Repeating the argument in (2.12), we obtain

1/po
V f If (y) = f(2)IP° d#*(y) dZ " (2)
By (1) / By (y1)
S 11/po
< — Po d%k d%k
2| f%m) f (SO OPA )a7D)
S 11/po
< — Po d%k d%k
=1 »fl-;;;,é(y() 'fBSr(’)(W)lf(y) f(Z)| (y) (Z)_
< TM,,(f).

This implies that

/ﬂ Fx) - fﬂf

< _ ro 4 k d k

< /ﬂ /ﬂ F() — FP dr*(y) o (x)

< (1)) f () - FEIP° 47t (y) A" (2)
0 Z]: ; fB,(f)(xj) 'fBr(’)(xj’)

< T2Por2K My, ()P < oo.

144}
dz* (x)

(213)

Combining (2.13) and (2.11), we have

/ dist (f(x), ¢) dZ*(x) < 0.
M
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Arguing similarly as for (2.12), one obtains that, for r < ry, it holds

f f dist (f(y), f(2)) d7* (y) d7* (2)
By(x) J Br(x)
< - dar*(y)dar*
<f3,<x> fza,(x)lf(y) £ (y) d* (2) -
_ Podq k d k
+ fsrm fo(x)my) FEIP A (y) d7*(2)

S M () + M),

Using (2.13) when rg < r < &, respectively (2.14) when 0 < r < rg, we find that f
belongs to the BMO space defined in (2.10). |

Remark 2.4. The above proof also shows that, under the assumptions of Lemma 2.3, the
definition of BMO(.Z; &) in (2.10) does not depend on the choice of . O

Remark 2.5. In this setting, we can define M,(f) by replacing the Euclidean distance
by the geodesic distance in (2.5). Moreover, this allows us to define VMO(/; &) in the
following sense:

VMO(M;E) = {f € BMO(A;&): My(f) = 0}. (2.15)

The above proof also shows that, under the assumptions of Lemma 2.3, both definitions
(2.7) and (2.15) for VMO(A4; &) yield the same space. O

2.3 Basic properties of liftings

After having defined the suitable function spaces to work with, we now turn to the
interaction between them and the covering map. In this section, ./Z is a finite doubling
metric measure space, ./ is a smooth closed manifold isometrically embedded into
R", & is a complete, connected Riemannian manifold embedded into R" via a tubed
embedding, and t: & — ./ is a Riemannian covering.

We first recall the definition of deck transformations.

Definition 2.6. Let m: & — A be a covering map. Its group of deck transformations (or group
of covering transformations or Galois group) is the group

Aut(n) = {1: & — &: 7 is a homeomorphism and 1t o T = 7t}.

When 7 is a Riemannian covering, any 7 € Aut(n) is a global isometry of & (see, e.g.,
[37, Section 1.3.3]).
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Next, we provide some properties of covering spaces and liftings. The first property
is the connection between the geodesic distance on & and /.

Lemma 2.7. [30, Lemma 2.1] Let Inj(.#") > 0 be the injectivity radius of #'. For every ey,
¢y € & such that distg (e1, ¢2) < Inj('), we have distg (1, ¢2) = disty (1w 0 ¢1, w0 ¢2).

The second property is the “non-intersection” between two VMO liftings.
Lemma 2.8. If ¢, ¢’ € VMO(A; &) are two liftings of f € VMO(M; V'), then either (i)
@ =@ ae or(ii)p # ¢ ae.
Proof. Let g: [0, 00) — R be a Lipschitz map such that
O minl ]
SV = M in{Inj(), 1} )

Define h: # — R by h(x) = g o (distz (¢(x), ¢’(x))). For any x,y € /#, we have

[1(x) = h(y)| < 8 lLipldists (¢(x), ¢”(x)) = dists ((y), ¢"(y))
< I8luip(distz (¢(x), @(y)) + distz (¢”(x), ¢ (y)))-
Hence, the VMO property of ¢ and ¢’ implies that 1 € VMO(.; R). By the definition
of h and Lemma 2.7, we have h(.#) c {0,1}. Otherwise stated, if A = {x € /#: h(x) = 1},
then h = xa.
To prove Lemma 2.8, it suffices to prove that either #*(A) = 0, or #*(#\A) = 0. We

argue by contradiction, and assume that 0 < % k(A) < Z5 (). For 0 < r < rg fixed, we
define

Z*(B(x) N A)

W, € C(M), Wy(x) = 2550

,Vxe .

First we give the following claim.

Claim 2.9. There exists 0 < 1 < 1/2 such that for v sufficiently small, there exists xo = xo(r) €
M satisfying

n<Y¥(x) <1-n.

Taking Claim 2.9 for granted, we conclude the proof as follows. For r sufficiently
small, we have

B k k
My () > fB o fB ) = () 7 ) )

= 2W,(x0)(1 = Wr(x0)) > 2%,

16



Letting ¥ — 0, we get a contradiction to the fact that & = x4 is in VMO.
We finish the proof by proving Claim 2.9. Again we argue by contradiction. By
continuity of ¥, it suffices to assume that W, < n for all x € .#, which yields

/ b () A7) <1 / b0 () AT (). (2.16)
/A /A

Integrating over ./ with respect to x on both side of (2.16), and using Fubini-Tonelli’s
theorem, we have

/ (B, (y))dZ*(y) <1 / 7 (B,(y)) dZ* (). (2.17)
A M

Using (j) the fact that H (B, (y)) ~rk,Vy € M,0 < r < 1y, with rg as in (2.2); and (jj)
(2.17), we deduce that

7 (A)
Hr(M)

with the constant C comes from the relationship between # k(B,(y)) and r¥. Thus, we
get a contradiction by letting n = C# k(A Ik (M)). O

2.4 Existence and uniqueness of a VMO lifting

We now turn to existence and uniqueness of liftings of VMO maps through a Rie-
mannian covering. Here, ./ is a connected, compact k-dimensional Lipschitz manifold
embedded into R™, ./ is a closed connected Riemannian manifold isometrically embed-
ded into R", & is a complete, connected Riemannian manifold, isometrically embedded
into R” via a tubed embedding, in such a way that the geodesic distance has polynomial
growth with respect to the distance induced by the ambient space, and : & — 4 isa
Riemannian covering.

Theorem 2.10 (Existence). For f € VMO(A; V'), there exists ¢ € VMO(M ; &) such that
f = m o @. Moreover, there exist a number 61 > 0 and a constant C such that

M,(f) <61, Vr < &, for some & = &y(f) = M,(p) < CM,(f), Vr <&. (2.18)

Proof. The proof is similar to the one of [15, Theorem 3], with a slight adaptation to the
case of a general target /. We divide the proof into several steps.

Step 1. Existence of ¢.
Set F(x, ¢) := f*(x), where f¢ is defined in (2.8). In particular, F € C(/ X (0, &1); /).

17



Since 11 (A % (0, €1)) = 0, there exists a map ® € C(A % (0, £1); &) such that
F(x,e) =mod(x, ¢).

Let p.(x) = ®(x, €). By construction, ¢, € C(#;&) and f¢ = o ¢.. Since f¢ — f in
(BMO N ZY)(; /), then, up to extraction of a subsequence,

fé(x) > f(x) ase -0 forae xe /. (2.19)

By (2.19), we have lim,_,g 7w 0 D(x, ¢) = f(x). Viewing P(x,-): (0, €1) — /4 as a contin-
uous map and using Lemma 2.7, we have that the limit lim,_,o ¢.(x) exists along the
subsequence and it is one of the point in the set 7{ f(x)}, denoted by ¢(x). Moreover,
we have

f(x)=mo@(x) forae xe /.
Step 2. There exist a constant C; > 1 independent of f and ¢ > 0 such that
M, (pe) < CiM(fF) + Cl[Mr((pg)]2 + Cl[Mr(gog)]ZPO, Vr<epe<er (2.20)
Indeed, Lemma 2.7 and the polynomial growth assumption (2.9) imply that

distg (¢:(v), pe(2))
< disty (f(y), £5(2)) + (Inj()) " [diste (e (y), pe(2))]? (2.21)
SIFEW) = FL @I+ lpe(y) — (@) + lpe(y) — pe(z)PP0.

Again, let us work with r < rg, with g as in (2.2) and (2.3). We estimate

f f 0e(y) — pe ()P A (y) At (2),
By(x) ¢ By(x)

and the term involving |p.(y) — .(z)|* on the right-hand side of (2.21) is a special case
when pg = 1. Repeating the calculations as in (2.12), we have

F - art )@t ) s M), (2.22)
B,(x) J B,(x)

Combining (2.22) and (2.21), we obtain (2.20).

Step 3. There exist some &y := &(f) and & := & (f) such that

M, (pe) S M (f€),Vr <&, e<&. (2.23)

18



As we now show, (2.23) holds provided that & and & are such that the (2.25) below
holds.

To prove (2.23), it suffices to prove that there exists some &, and &; such that
1 - -
Mi(pe) < —,Vr <&, e < &. (2.24)
4Cy
Indeed, granted (2.24), by (2.20), we have

Mrlpe) < My(F) + TMi(ge) M),

+—
2po—1(~2P0—2
4°P0=1C)

whence (2.23), absorbing the terms involving ¢, back into the left-hand side.

Now we prove (2.24). Since ¢, € C(#; &), we have M,(¢.) — 0asr — 0. Combining
this and the fact that M,(¢,) is continuous with respect to r, it suffices to prove that
there exists some &y and &; such that

M,(f¢) < L, Vr<§&,e<é. (2.25)
9C;

Indeed, we argue by contradiction and assume that M,(¢.) > 1/(4C;) for some r < &
and ¢ < &. Then, there exists " < r such that M, (¢.) = 1/(4C1), which implies, by
(2.20) and (2.25), that M, (@) < 1/(9C1) + 1/(8C1) < 1/(4Cy), a contradiction. Let us
mention that this relies on the continuity of M,(¢,) with respect to r, which follows
readily from Lebesgue’s lemma.

In order to prove (2.25), we first notice that

M, (f9) <1f = f*lemo + M (f). (2.26)

Then we conclude the existence of &, and &; by using (2.26) and the fact that: (j) /¢ — f
in BMO N ZY(; ¥); and (jj) f € VMO.
Step 4. The map ¢ is in VMO(A; &).

By Fatou’s lemma, it suffices to prove that
M (pe) € Mae(f) + M (f), V1 < &, & < & /2. (2.27)
By (2.23), it suffices to prove that

Mr(fg) < Mzg(f) + M]/(f), Vr<&,e<é&/2
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We start with the estimate

Mr(fg) < Mr(f) + Mr(f - fs)/ (2-28)

and it remains to upper bound M,(f — f¢). For any x € / and y, z € B,(x), we first
notice that

1fW) = £ () = (f(z) = £ (2))]
<[To f(y) =ITo fe(y) = (ITo f(z) —ITo fe(2))l
<o [fe(y) = f(y) + f(P] =TTo[fe(z) = f(2) + f(2)]]
+|[To f(y) —TTo f(z)]
S Uf) = fe(y) = (f(2) = fe@II+1f(y) = fF (2]

Hence, we have
F W W= (e - e dre)
By(x) ¢ By(x)
S My (f) + My (f = fe) S My (f) + Mae(f),

(2.29)

where in the last inequality we use the fact that (see, e.g., [19, Lemma 2.5])
|f = felmo S M2e(f), ¥ f € BMO, V0 < ¢ < ¢o/2.

We conclude (2.27), and thus Step 4, via (2.28) and (2.29).
Step 5. The map ¢ satisfies (2.18).

Repeating Step 2 and Step 3 and replacing ¢, respectively f¢, by ¢, respectively f,
we conclude the existence of a constant C and a number 61 > 0 such that, if

Mr(f) < 51,V7" < 501
then
M, (p) < CM,(f), Vr < &.

This concludes the proof. |

We next show the uniqueness of liftings in VMO. To state our uniqueness result, we
recall the definition of a normal covering map. We say that a covering map n: & — 4
is normal whenever, for every ¢;, ¢; € & such that 7(e;) = m(ep), there exists a deck
transformation © € Aut(rn) such that 7(e;) = ¢;. To highlight the importance of this
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assumption in our setting, let us recall that there are indeed compact Riemannian
manifolds /" admitting non-normal covering maps t: & — /. Indeed, we know that
n: & — N is normal if and only if 7t4(71(%)) is a normal subgroup of m1(/) (see, e.g.,
[24, Proposition 1.39]), and meanwhile, for every subgroup H < m1(./), there exists a
covering map 7t: & — . such that 7y(11(%)) = H (see, e.g., [24, Proposition 1.36]).
Hence, any compact manifold whose fundamental group has a non-normal subgroup
will provide an example of a compact manifold with a non-normal covering space.
One can take, for instance, /' = TH#T! to be the two-holed torus, which satisfies
m1(N) = F(a,b) *z F(c,d) = {a,b,c,d | aba~'b~'cdc™'d™! = 1). Here, for example, the
subgroup generated by a is not a normal subgroup.

Theorem 2.11 (Uniqueness). Assume that the covering map m: & — N is normal. Then, the
lifting @ of f € VMO(AM; V') is unique up to deck transformations.

Proof. We first notice that, by Definition 2.6 of Aut(n), if ¢ € VMO(4; &) is a lifting of
f and 7 € Aut(nt), then 7 o ¢ € VMO(4; &) is another lifting of f.

Next, assume that ¢’ is another lifting of f. Let x € .# be a Lebesgue point of ¢, ¢’
and f.

Let 7 € Aut(m) be such that 7 o ¢(x) = ¢@’(x), which exists by virtue of the assumption
that 7 is a normal covering map. We will prove that 7 o ¢ = ¢’ a.e. By Lemma 2.8, it
suffices to find a set A C ./ with positive measure such that 7 o p(y) = ¢’(y) for all
y € A.

Since

lim [diste (@(y), p(x)) + dists (¢’ (y), ¢’ (x))] d#*(y) =0,

=0 J B ()
we can choose r sufficiently small such that

Inj(WV
fB |, Ldists (p(y), 9(x)) + dists (¢'(y), ¢/ () d7t(y) < #

Define

A ={y € M:distz (p(x), p(y)) + distz (¢’ (x), ¢'(y)) < Inj(LA)}.

Thus we have Z*(A) > 0.
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On the other hand, V y € A, since

dists (7 0 ¢(y), ¢"(y))
< distg (7 o p(y), T o p(x)) + distg (T o @(x), QD/(]/))
= distg ((y), p(x)) + dists (¢"(x), ¢’ (y)) < Inj(A),

by Lemma 2.7, we have
distg (7 0 p(y), ¢'(y)) = disty (o T o @(y), 7o @'(y))

= disty (o @(y), o ¢'(y))
= disty (f(y), f(v)) = 0.

This implies that both liftings 7 o ¢ and ¢’ coincide in a subset of .# with positive
measure and thus, by Lemma 2.8, coincide in ./ a.e. O
2.5 A selection result

This section is devoted to a “selection” result, which asserts that, under suitable
assumptions, liftings along a converging sequence can always be chosen in such a way
that they converge to a lifting of the limit. This can be viewed as some kind of continuity
of the lifting operation with respect to the BMO N & topology on VMO.

Theorem 2.12 (Continuity of ¢ withrespectto f). Assume that the coveringmapm: & — N
is normal. Let f;, f € VMO(M; W) be such that fy — f in (BMO N L) (M; N). Then,
there exists a sequence of corresponding liftings @, ¢ € VMO(AM; &) such that ¢, — @ in
(BMO N £ ( ;).

Proof. By Theorem 2.10, every f; admits a lifting ¢, such that

M, (p¢) < CM,(fe), Y r < &(fe),

provided that &y( f;) satisfies

M, (fe) < 61, V1 < Eo(fr).

Since

M;(fe) < M, (f) +|fe = flemo,
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using the fact that f; — f in BMO, there exists & := &(f) such that
M, (fr) <61, Vr <&, VY
and thus
M, (p¢) < CM,(fe) < Co1, V1 < & (2.30)

By [19, Lemma 2.1],

ITe © e — @lli < 76 © e — @lamo +

f (Teo@r— (P)‘- (2.31)
M

We divide the proof into 3 parts: First, we show that for each ¢, all the liftings of f;
have a uniform BMO bound similar to (2.30); second, we find, for each ¢, a suitable 7,
such that / ' Tt © @ is bounded uniformly; third, based on first two steps, we can pass
to the limit (up to a subsequence) and obtain a specific lifting of f, and then we modify
the original sequence via deck transformations to make the whole sequence converge.

Step 1. Estimate of |7 o ¢y|pmo.

In this step, T can be any element in Aut(mr). Later, in Step 2, we will take T = 174
suitably chosen, depending on ¢. We first recall that, V T € Aut(n), 7 is an isometry, and
therefore

T o @e(x) — T o @e(y)| < distg (T 0 pe(x), T o @e(y))

= dist (@e(x), pe(y)). (232

Thus, by (2.14), which holds because we work under the polynomial growth assumption
(2.9), and (2.30), we have

M, (T o @p) < CM,(fe) + C[M,(fo)]P°, ¥V, VT e Aut(n), Vr < &. (2.33)

For & <r < rpand any x € ./, by (2.9), (2.32), and the same calculation as in (2.13),
we have

f f It 0 () - T 0 pe(2)] A (y) A7 (2)
Br(x) Br(x)

< C(&0)[Mz,(@e) + (Mgy(@e))P°].
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Hence, by (2.30), we have

sup sup |7 o @elpmo < 0. (2.34)
! teAut(n)

Step 2. In this step, we will prove that, for a suitable choice of 7, € Aut(rn),

/UOW
M

Without loss of generality, we assume that &, < ro, with 7y defined in (2.2) and (2.3).

sup
{

< co. (2.35)

To avoid confusion, in this proof geodesic balls on & are distinguished by a tilde.

Consider a covering of ./ as in the proof of Lemma 2.3, with the radius r( replaced
with &, and pick one ball, denoted by B, from the covering. Using the fact that 7, is an
isometry and the polynomial growth condition (2.9), similarly to (2.13) and (2.14), we
have

‘/ T¢ © Qe
M

S/WOW-{WOW fTeO(Pe
M B B

< / f dists (77 0 @e(x), T¢ 0 Pe(y)) AZ*(y) dF*(x) + Cy
M J B

+C1

le’o(Pl’

B

fT(’O(P(’
B

(2.36)

_ / f dists (0¢(x), pe(y) A () dF* (x) + C1
M J B

fTeOQDe
B

By (2.30), the first term in the last line of (2.36) is bounded uniformly. We now turn to

< C(&0)[Meg(e) + (Mey (@)1 + C1

the second term. We first notice that, since deck transformations are isometries, for any
y € Band 1/ € Aut(n),

‘fTeO(Pe
B

Therefore, it suffices to find, for each ¢, some y;, € B and t; € Aut(n) such that the

< fB dists (@e(x), @e(y)) A (x) + |74 0 (pe(y)‘. (2.37)

right-hand side of (2.37) has a uniform bound.
Since /' is compact, we have p := Inj(.#") > 0. Consider a finite covering {B p(nt)}tT:1 of
. For each ny, pick ¢; € 771({n;}), and let Bg,(¢o) be a ball on & that covers Uthl Bp(er).

24



Let t := t(f) be such that
7 (f (By(n) N B) > 7*(B)/T. (238)
For simplicity, with an abuse of notation, we let 1y := ;). By Lemma 2.7, we have

7 (By(ne) = | | By(e)), (239)

j=0

where the e; are those points in & such that n(eé) = 1ny. Without loss of generality, we
assume that ¢) € Bg, (¢o).
In order to deal with the two terms on the right-hand side of (2.37), we define

Ag = {y €B: fB dists (pe(x), pe(y)) dt* (x) < bCél},
with b > 1 a constant to be chosen later, and
Eé = (p[l(gp(eé)) N B. (2.40)
First, by definition of A; and (2.30), we have
7 (A0 (B) = (b= 1)/b. (2.41)
Next, we claim that

iré}f sup %’k(Ei,) > 0. (2.42)
)

The proof of this claim is deferred to Step 4.
Granted (2.42) and using (2.41), we can choose b sufficiently large (independent of ¢)
so that, for each ¢, there exists a point y; € B such that

(i) £, distg (@e(x), Pe(ye) A (x) < bCy;
(i1) @e(ye) € Ep(eé) for some j := j(¢).

For each ¢, let 1, € Aut(mn) be such that Tg(eé) = e?. Since deck transformations are

isometries, we have
(i) £, distg (T¢ 0 @e(x), T © e(ye) dF*(x) < bCoy;

(ii) ¢ © Pe(ye) € Bp(¢9) C Bpar,(eo).
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Thus, by (2.36) and (2.37), we obtain (2.35).
Step 3. Construction of a converging sequence (7, o ¢y).

Since f; — f in BMO, by [15, Lemma 4] (there the domain is a smooth manifold, but
the argument can readily be adapted to Lipschitz manifolds), we have

M,(fr) = 0 uniformly as r — 0, (2.43)
which, combined with (2.33), implies that
M, (t¢ o ¢¢) — 0 uniformly as r — 0. (2.44)

Using [15, Lemma 4] again, (2.44) implies (7¢ o ¢¢) is compact. Then, possibly up to a
subsequence (still denoted (7, o ¢¢) for simplicity), we have

T 0 ¢ — @ in BMO(A), (2.45)

withamap ¢ € VMO(.) and f | @ = 0. Here, convergence in BMO means convergence
of the BMO seminorms only, which in particular enables us to choose ¢ having zero
average.

We now take care of the convergence in #!. First, since the sequence (7 o ¢¢) satisfies
(2.35) in Step 2, we have, possibly up to a further subsequence,

f TroQg—1 (2.46)
M

for some constantn. With ¢ := ¢+1, wehave, by (2.31), (2.46), and (2.45), that Tjop, — ¢
in (BMO N Z1)(;&). Since the ! convergence implies, up to a subsequence, a.e.
convergence, we have, for a.e. x € ./,

F) = lim fi(x) = lim 70 pe(x) = 7o (limpe(x) = 70 g,

and therefore ¢ is a lifting of f.

So far, (2.45) and (2.46) hold along a subsequence of (7, o ¢;). Next, we want to make
the whole sequence (¢¢) converge, up to deck transformations, to ¢ in BMO N &, For
this purpose, we first notice that, by (2.34), (2.35), and (2.31),

supinf{||T o @7 — @|l1: T € Aut(n)} < 0.
¢

26



Let 7; be such that
17e 0 e = plh < inf{flz 0 ¢ = plh} +1/¢. (2-47)
Thus we have

‘/ Ty o @y
a

<Sn+llteope—olh +1/¢

(2.48)

< 1+t o elpmo + |plemo + +1/¢.

/TKO(PK
M

Using (2.35) and (2.34), the right-hand side of (2.48) is bounded, with a bound that does
not depend on /.

For any subsequence of (%; o ¢y), by (2.48) and the same argument as in (2.43)—(2.45),
we can obtain a further subsequence 7y 0y, — ¢’ in BMONZ landa.e. By Lemma2.11,
there exists 7 € Aut(m) such that 7 o ¢’ = ¢. Therefore, by (2.47) and Fatou’s lemma, we
have

1Tes © o5 = pllt < I(T 0 Tgs) 0 g — pll +1/4p
=T o (T 0o pe) =o'l + 1/
< / dist (%fﬁ o (Pflg/ (P/) + 1/63 — 0,
M
which means that ¢ = ¢’. Then the whole sequence (%; 0 ¢;) converge to ¢ in BMON 2.
We finish the proof by justifying the claim (2.42) in Step 2.

Step 4. In this step, we prove (2.42).
Since the Eﬁ defined in (2.40) are disjoint, by (2.38) and (2.39), we have

> k() = 2K (B f7 By () = 75(B)/T. (2.49)
j
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On the other hand,
[ [ dist i), gty ety ae')

> ; ]Z /E | /E st (12, 1) 872 87

- o~ (2.50)
> [ dist(B,(¢)), By(¢) ) d#* (x) dZ* (y)
Z ]Z /E{, /E; p&p) Bple,y Yy
> 3 #HEDFEY) dist (B, (¢)), B(e) ).
i
Combining (2.50) and (2.30), we have
DTN M E)IH(EL) dist (By(e)), By (€] ) < Cor[*(B). (2.51)
i T
Let R be a constant chosen later. For j fixed, define
D] := {j": dist (Bp(¢)), Bp(e) ) < R}. (2.52)

Consider 7, € Aut(r) such that T?(eé) = ¢). By (2.52) and the fact that ¢ € Br,(¢0), we
have

¥ (Bapsr(e))

d(D)) < L < CH*(Byper(T. 0 ¢
T R A A (2.53)
< CH*(Bresp+r(®0)) =t C(R).
Combining (2.51) and (2.53), we have
ColZ*BP2RY. > 7 E)THE])
I jre)r
.92 . .,
> R[Z %k(Eg)] ~RY > HHEDINE]) (258)
: L

] jeD,

>R [Z %k(Eé)]z _R [Z card(D})7* (E{;)] sup 7 (E] ).
! j 7
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Combining (2.54) with (2.49), we have

(3¢ HEDP - Co[7*(B)]/R . (2P — coi[*(B)P/R

kel

supZ*(E, ) 2 . > p . (2.55)

i C(R)X; #*(E}) C(R)Z*(B)
Hence, if we let
277
R = R(T) = C_(Sl’ (256)
then, combining (2.49), (2.55), and (2.56), we deduce that
HE)) > ot :

Sl}}p (Ey) > 3T2C(R) (2.57)

Since the constant C(R) in (2.53) does not depend on ¢, neither does the right-hand
side of (2.57), which implies (2.42). O

Remark 2.13. If the covering space & admits a universal covering 7t: & — & such that
& c R has polynomial growth, then the normality assumption in Theorem 2.12 can be
removed.

Indeed, it suffices to apply Theorem 2.12 to the normal covering 7t o t: & — 4. This
yields a sequence of corresponding liftings @¢, @ € VMO(/; &) such that ¢y — @ in
(BMO N ZY)(;&). Then, we obtain the desired sequence by letting ¢y := 7 o @; and
@ =1fto@. o

3 The density of the class %

In this section, we assume that .# is a k-dimensional connected compact Lipschitz
manifold, and that % is a smooth manifold embedded into R? viz a tubed embed-
ding. Let us interestingly mention that, usually, the setting for strong approximation of
manifold-valued Sobolev maps is the one of compact targets. Here, we are able to work
also with some non-compact targets, provided that they can be embedded via a tubed
embedding — this will always be the case for compact manifolds. To the best of our
knowledge, the only other work on the strong approximation problem for non-compact
targets is the one of Bousquet, Ponce, and Van Schaftingen [10].

We consider the space

WP (M; F) = {f € WP(ul; RY): f(x) € F for a.e. x € M). (3.1)

We introduce a class of “almost smooth” maps tailored to the setting of Lipschitz
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manifolds, adapting the standard definition of the class % devised by Behtuel and
Zheng [7] as follows:

Ry ={f: M — F: f eLip, (M \ S(f)),S(f)]is a finite subset of .,

C(f) diist (x, y)
0 = TN S st (v, SO, dist (7, S

Vx,yedi.

In the relevantrange 0 < s <1, k-1 < sp < k, we will prove that the class % is dense
in WP(uM; F). Since the arguments we provide depend on s and sp we divide, for the
convenience of the reader, this general statement into a number of separate results.

Theorem 3.1. Let k — 1 < p < k. Then the set Ry is dense in WP (M; F).
Theorem 3.2. Let 0 <s < land k —1 < sp < k. Then the set Ry is dense in W (M; F).

We will also prove the following corollary, which is an application of Theorem 3.1
and 3.2.

Corollary 3.3. Let 0 < s <land k —1 < sp < k. Then
Lip(#; F) is dense in WP (M; F) & mp_1(F) =~ {0}.

Here 1tx_1(F) is the (k — 1)-th homotopy group of F.

These results were known when . is smooth and % is compact. For such .# and
Z, Theorem 3.1 and Corollary 3.3 when s = 1 were obtained by Bethuel [4], Theorem
3.2 and Corollary 3.3 when 0 < s < 1 were obtained by Brezis and Mironescu [11].
Their proofs heavily rely on a decomposition of the domain into a suitable grid made
of cubes. Our contribution concerns the Lipschitz case. In this more general setting,
A may have no triangulation (see, Kirby and Siebenmann [26, Appendix C, Section 2]
and Sullivan [42, Corollary 3]), and it is not clear how to perform such a decomposition
on ./ . For this reason, we instead rely on the method of good and bad balls, inspired by
Bousquet, Ponce, and Van Schaftingen [9]. As opposed to a covering with a grid of
cubes, balls that cover a domain will overlap. One of the key points of the argument
is then to separate the covering into finitely many disjoint families, in the spirit of the
Besicovitch covering theorem, and to perform our constructions inductively on each
family. For another use of this method in a slightly different context, let us mention the
work of Caniato and Riviére [16] on the approximation of weak Yang-Mills connections,
which also relies crucially on a good and bad balls-type method.

Corollary 3.3is a direct consequence of Theorem 3.1 when s = 1, respectively Theorem
3.2 when 0 < s < 1, relying on the topological extension and shrinking constructions to
remove the singularities (see, e.g., Bethuel [4]). For the proof, see Appendix A.

In the following sections, we focus on the proof of Theorem 3.1 and 3.2.
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3.1 Proof of Theorem 3.1 whenk -1 <p <k

In this section, we consider the supercritical case where s = 1and k-1 < p < k.
Although this could be unified with the critical case p = k — 1 (see Section 3.3), we
provide a simpler, easier to read proof. Indeed, the Morrey embedding W'? < C? in
dimension k — 1 for p > k — 1 allows to simplify some technicalities in the argument.

Proof of Theorem 3.1 when k —1 < p < k. Recall that . is a Lipschitz manifold and that
we assume (2.1). The main idea of the proof is the following. We first separate the
covering balls of ./ into finitely many families such that, in each family, the balls are
disjoint. Next, for each family, we only modify the values of the map inside the balls
of the family to obtain an approximating map with the desired regularity inside of the
modified region. We repeat this procedure inductively with respect to the families, and
show that the map we obtain at the end is an approximation of the original map.
Step 1. Covering of ./ with “well-separated” balls.

Without loss of generality, we may assume that K1 = 1in (2.1). Letr > 0 be sufficiently
small so that, for any x € ./, Bigk,,(x) C By,(x) C U; for some i € I, with rg as in (2.2).

For such r, we consider a (finite) maximal collection of disjoint balls B, »(x;), j €
J. Hence, (B;(x;)); is a covering of .Z. On the other hand, since the k-dimensional
Hausdorff measure on . is a doubling measure and the balls B,>(x;) are mutually
disjoint, for every j, the balls B3,,(x;) intersect at most 0 balls in (B3k,/(x;));-, where 0
only depends on .Z. Indeed, for any

j, € ]/ = {]’ € ]: B3K2T(x]7) N B3K27(xj) * ®}I

we have Bz, (xj/) C Bok,,(xj) C Bisk,,(xj). Since the balls B, »(x;) are disjoint, we have
" (Bok,r(x})) 2 Z " (B, ja(xj0)) > Card(I')],i,Iel]f, " (B, a(x)),
]'Iejl
and therefore

I *(Bo,r(x 7" (B Xjr
card(]’) < sup —k( 9K2r( ])) <sup —]E 15K2r( ! )
j’el’ 4 (Br/2(xj’)) j’e] 4 (Br/Z(x]"))
< (C/%)5+|'log2 K71 < |-(C‘/%)5+[log2 Kz]'l =0,
where C 4 is the doubling constant.
Thus, we can divide the set | of indices as J1 [J--- U Jo+1 in such a way that, for any

1< ¢ < 0+1and any indices j, j* € J;, with j* # j, we have B3k, (xj/) N B3k, (xj) = @.
Following the approach in [9], we will associate, with each ¢, a family of ball-like
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disjoint sets, slightly larger than the ball B,(x;), and approximate f on these sets. The
construction is by induction on ¢.

Set fo := f. In the following Steps 2 to 5, for each 1 < ¢ < 0 + 1, we construct
inductively f; such that

(i) there exists a set Dy such that Ujej, B2r(xj) € De € Ujgj, Bsk,or(x),

fe = fe-1in M \ Dy, and f; is continuous in U D,,

a<l

, , (3-2)
possibly except at the set {x;:] € U Jo}
a<t
(ii) there exists a set E; C Dy such that
N E) 17 [ Vfeal @ 33
M

and the following estimates hold:
[ 1= b @t < o [ 05 ase (54

M M
/ V(fe - fe)lP do* < / IV fral dor*. (3.5)

M E,

Step 2. Enlarging the balls.

By our choice of r, we know that B3k,,(x;) C U; for some i € I.

Denote S(0,7) the Euclidean sphere of radius r and center 0 in R¥. By Morrey’s
embedding W'7(5(0,rj)) < C%S(0,rj)) for k =1 < p < k and Tonelli’s theorem,
there exists 2r < r; < 3r such that (i) the restriction of f;1 o ¢; on the sphere S(0, r;)
coincides with the trace of f;—1 o {; on 5(0, 7;) and has a continuous representative; (ii)

(S0, 7)) O {x:j' € Uper1 Ja} = @; and (i)

/ V(fi o)l < 2 / V(i o )P (3.6)
S(O’rf) r B3r(0)
Let
Dy = |_Jwi(Br,(p7'(x)) (37)
j€le

and set f; = fe-1in M \ Dy. By the assumptions on the constants and the choice of r;,
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we have

Bar(x)) € ¢i(By, (7 (x/))) € Bakor(x))-

Thus, we have

| Bar(xj) < Dy < | Basr ().

j€le ISi

Step 3. Construction of f; in Dy.

Since the sets (B, (l,bl.‘l(xj))) are disjoint, it suffices to construct f; in each “ball”
Yi(By, (l,bi‘l(x]-))), j € Ji. Inthe spirit of Bethuel’s approach in [4], we distinguish between
good and bad balls.

Let A > 0 to be chosen later. Given 1 < { < 6 + 1, we say that the ball Bzk,,(x;) is a
good ball (for fy_1) provided that

1

= IV feo1 ()P dZ* (x) < A. (3.8)

Bag,r(x;)

We say that the ball Bsk,,(x;) is a bad ball (for f,—1) if (3.8) fails.

Step 3.1. Construction of f; in bad balls.

Assume that Bzk,r(x;) is a bad ball. Without loss of generality, we assume that
¥ (x)) = 0.

We define f; in 1i(By,(0)) by

_ |97 ®)
fe(x) = feo109; (Um) . (3.9)
By the choice of ; and (3.9),
fo is continuous in 1i(By;(0)) \ {x;}. (3.10)

Step 3.2. Construction of f; in good balls.
Let Bsk,,(xj) be a good ball. Combining Morrey’s embedding with (3.6), for any w1,

33



wy € S(0,7j), we have

k=1
|fe1 0 iw1) = fror 0 Yi@)| < [y — wal 77 IV(fie1 © Pi)llonsio,n

1-k %
<P [ Wiowr (3.11)
BSr(O)
1-k 1
S 1V feallgr oy, () < AP

where in the last inequality, we have used the definition (3.8) of good balls. For A suf-
ficiently small, (3.11) implies that there exists an f € # C R? such that fi-10 ¢i| S0 C
Bs/2(f) N &, where 6 is as in Definition 2.2.

With IT as in Definition 2.2, we define W; s: R” — F as

I1(2), if z € By (f)

I1 (f + é—jlé) , otherwise

\Pf,(s(z ) =
Then W; 5 is Lipschitz, and its Lipschitz constant is independent of f.
Let
h: i(By,(0) > F, h(x) = W50 fir. (3.12)

By composition with a Lipschitz function, we have h € WL (1;(B, (0)); F).

Next, we approximate /1, which is B;(f)-valued, with a continuous map with values
in the same ball. By a standard argument (see, e.g., [4, Lemma 6]), combined with the
nearest point projection, forany ¢ > 0, we may find i € Wl (B,;(0); Bs(HnF)NC 0(m)
such that: (i) i = h o ; on S(0, )); (ii)

/B 0 IV(h = hog)lP d* < c. (3.13)
"j

We use below (3.13) with
c= [ V= fiap a, (3:14)
$i(By, (0)
We define f; in 1i(By,(0)) by

fo(x) = h o7 (x).

Using the fact that Wi 5 o fy_1(x) = fy-1(x) on ¢4(S(0, r})), we find that f; belongs to W'#
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in B3k,r(x;) and (arguing as for (3.10))
fe is continuous in 1;(By;(0)) D Bar(x;).

We conclude (3.2) by noting the fact that, by construction, f; is continuous in Dy, possibly
except at some points x; with j € J;, and the induction assumption on f;—1.

Step 4. Proof of (3.3)—(3.5).
This is performed in three sub-steps.

Step 4.1. Estimate of f; — fy—1 in a bad ball B3k, (x;).
By the definition of f;, we have

/ VAP dt < / V(i o i)l dor*
¥i(B;,0) B,/ (0)

i k=1-p )
< /O (E) (/S(Olr]_)ww_loybln)dt.

By (3.6), we obtain

Tj pk=1-p
/ VAl dor* < / pa (/ IV(fe-10 1Pi)|p) dt
¥i(B,,0) o 7 Uso

< [ WG owap (3:15)
BBr(O)

< / IV P do®.
B3K2r(xj)

Thus, we have
[ W= frovarts [ wpapart (316
Vi(Br;(0) Bakyr(x;
On the other hand, using (3.15) and the Poincaré inequality, we have

/ |fe—fe—1|Pd?ka/ |fe o Wi — foo1 o il d#Z*
¥i(8,,0) B0

A

rf /Brj(0)|V(fe o ;) = V(fe-r 0 )P d* (3.17)

P / IV foalP -
Bak,yr(x))

A
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Step 4.2. Estimate of f; — fy—1 in a good ball B3k, (x;).

We first show that, in the good balls, since the energy is small (thanks to (3.8)), the
map fy-1 does not oscillate too much and takes its values in Bs(f) N % “most of the time”.
Let

Aj = {u € By, (0): fr-1 0 Yi(u) ¢ Bs(7)}, (3.18)
and

Aj = Pi(A)). (3-19)
By the construction of 1, for u € B,,(0) \ A;, we have

hoi(u) = fia0yi(u),

and therefore

/ V0= fiP dh = [ W0 i~ fisro gl ¥ =0
VB, ON\A;

B, (O\4;

(see, e.g., [21, Theorem 4.4 (iv)]).
Therefore, using the fact that 1 = Wi 5 o f;—1 in A; (see (3.12)) with W; s Lipschitz, we
obtain

/ V(= f)P Ao = /
Vi(B,, 0) A

Combining the definition of f; with (3.20), (3.13), and (3.14), we have

W= feP ' s [ Wfial ' (50
] ]

/ IV(fe - fe)lP A" < / IV fooalP dz¥, (3.21)
91(B,,(0) ,

]

and, by (3.21) and Poincaré’s inequality,
[ A= fapartsr [ whapart (322)
Yi(By;(0)) Bskyr (%))

Step 4.3. Summing over j € Jy, (3.17) and (3.22) imply (3.4). On the other hand, we obtain
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(3.5) by combining (3.16) and (3.21) with E; := U, Eé and

i Aj, if Bak,,(x;) is a good ball for f; 1
Ev= : (3-23)
B3K21’(xj)/ if B3K2r(xj) is a bad ball for f[_l
We next prove (3.3). For this purpose, we first show that
%k(Aj) S Vp/ IV fra|P dz*. (3.24)
Bak,r(x})

Indeed, let us consider a smooth function ®: R, — [0, 1] such that ® = 0in (0, 6/2]
and ® =1in [9, +c0). We have A; C {x € ¢i(B,(0)): @(| fe-1(x) —f|) = 1} by the definition
(3.19) of A;. Then, using the Poincaré inequality again, we have

Ay < / B fis (x) - D A7 (x)
Yi(Br,(0)

(3-25)
< / V(| fyr 0 i — )P dF < 77 / IV fral? do,
B,.(0) B
]

3K, (X))

which establishes (3.24).
On the other hand, by (3.8), for f;—1, there will be at most f/%ng_] P A% /(Ark=P) bad
balls. Combining this with (3.24) and the definition (3.23) of E;, we have

HHE) < P / IV fialP Ak,
M

whence (3.3).
Step 5. The induction procedure.

Starting with ¢ = 1 and fy := f, we construct as in Steps 2 to 4, a sequence fi,
f2,..., fo+1in WP (M; F). Let us note that the construction depends on r, but impor-
tantly, © does not depend on 7.

We now turn to the estimate of || fo+1 — f|lyy1». First, by (3.5), we have

IV fos1 =V FIp ) S IV for =V foll po iy + IV fo = V o )
P p
< ”erllgp(Eeﬂ) + ||Vf3 - vf”gp(%)
=IVfo=VF+ Vil +1Vfo =Vl 4
p p
< ”Vf”:fp(Eeﬂ) + ||Vf9 - Vf”gp(%)
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Iterating this estimate, we arrive at

0+1
IV for1 = VI ) < ;uwu;(m SIVAL, e (3:26)

Next, using (3.26) and (3.4), we have

I fo+1 = fllzrcay < llfo+1 — follzrcay + I fo = fllzria)
IV follzrcary + l fo = fllzr )

A

(3-27)
S IV fllgrcmy + 111V fo =V fllgray + | fo = fllor
< IV fllgrcwy + I fo = fllercay < 1V fllor -
Similarly, by (3.3), we have
0+1 0+1
e (JE) s Yo [ Wheabawts Yo [ 199 vy aet
] =1 M =1 M
6+1 (3'28)

< VA S IV EI 0
=1

Thus, combining (3.26) and (3.27) with (3.28), we have || fo+1 — flly1» — Oasr — 0. It
therefore remains to show that fg,1 can be approximated with maps in %.

Step 6. Approximating fg.+1 with maps in %.

First of all, performing a standard convolution procedure in local charts and gluing
the constructions together, there exists a sequence of Lipschitz maps (not necessarily & -
valued) such that g, — fg+1in WP (M) as n — oo. Moreover, since fg+1 is continuous
except at {x;:j € ]’} with " C ], we can enforce that

&Hﬁummmbm%\kwﬁm©% (3-29)
jer
where 7 < r/2 is sufficiently small so that, for every j € |, we have
fo+1 0 Yi(u) = for1 0 ;i (7ﬁ) , Y u € By(0). (3-30)
(This is a consequence of our construction of the maps f; as homogeneous extensions

in the bad balls.)
On the other hand, using a mean value argument, for each j € J’, there exists 7/2 <



Fi<T such that

2
|gn o Yi = fos1 0 lPilivl,p(S(wj)) < slgnovi— forro %Iﬁvl,,,(BF(o))- (331)
By (3.29), for sufficiently large 1, we can define

- () .
Mo g, 0 y; (miw) if x € ;(B7,(0))

ITo gy(x), otherwise

h, € WYP(; F), hy(x) =

Clearly, the map h,, is in . We now show that h;, — fg.1. For this purpose, we first
notice that

/ Wy — fou)l < / Vigy — o)l
M A\(Ujep ¥i(Br12(0)))

> Vb= ooy

i€l

(3-32)

The first term on the right-hand side of (3.32) converges to 0 as 1 — oo. For the second
term, using (3.31), (3.30), and the fact that the homogeneous extension operator is
continuous in Z(W'P(S(0, r)); Wl’P(Brj (0))) (see [12, Lemma 3]), we have

> e oo vop

jel’
P
. u . u

i e

jer’ 7]-(0)
< Zlgq oY — fo+1 0 l,bilﬁw,p(s(wj))

jer
S Z'g?’] o 1#1 - f9+1 o gbllzvl,p(Bl(o))

jel’ !

—>O,as17—>oo

(where the hidden constants may depend on the number 7 that was fixed above).
Therefore, we have

/ |V(hn - f9+1)|l7 — 0, as n — oo.
M

Similarly, we have h, — fg41 in Z*, and thus in WULP(; F). This concludes the
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proof. o

3.2 Proof of Theorem 3.2 when k —1 <sp <k

In this section, we consider the case where 0 < s < 1and k-1 < sp < k, which
is the fractional counterpart of the previous section. In this proof, we use exactly the
same method as in the case s = 1 to construct the approximation. The differences arise
when adapting the argument in the previous proof to the fractional setting. The main
challenge comes from the nonlocal character of the Gagliardo seminorm.

Proof of Theorem 3.2 when k —1 < sp < k. We split the set | of indices as in the proof of
Theorem 3.1.
Set fo := f. We will construct inductively f; such that

(i) there exists a set Dy such that ;j, Bor(xj) € D¢ C UjE]g Bsk,r(x)),

fo = fe-1in M \ Dy, and f; is continuous in U D,,

a<t

possibly except at the set {xj: JE U ]{1};

a</
(ii) there exists a set E; C Dy such that
%k(Ef) < rsf’lff—llr‘;\/s,p(%)/ (333)
and the following estimates hold:
//%W — fealP dot* < 75p|f€—1|€vs,p(/%)/ (3-34)
|fe-1(x) = fa (P .4 k
o= fithyri 5 [ 47 () 4 (1), (335)
fo= fo1lwsr o de =g y 3-35

The construction of f; is essentially the same as in the case where s = 1. The main

modifications concern (i) the choice of 7;; (ii) the definition of good balls and bad balls;
and (iii) the counterpart of [4, Lemma 6].
The choice of rj. By Morrey’s embedding W5 (S(0, r;); ) < C%(S(0,r); F) for k — 1 <
sp < k and Tonelli’s theorem, there exists a 2r < r; < 5r/2 such that (i) the restriction of
fe-1 09 on S(0, rj) coincides with the trace of f;—1 0 1; on S(0, rj) and has a continuous
representative; (ii) 1;(S(0,7;)) N {xj:j" € Uy<p—1 Jo} = 2; (iii)

1
|ff—1 © ¢i|€vs,p(s(0,rj)) < ;'f[—l © lpilﬁ\/s’p(Bgy(O)); (336)
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and (iv)

/ / ecropili) = feo1 0 i@V 4ok ) a1 )
$(0,77) J B3, (0)

|u _ w|k+sp

(337)

1 p
S Zlfe1 0 Yiliyen s, 0y

The definition of good balls and bad balls. For j € J,, we say that the ball Bsk,,(x;) is a good
ball provided that

1 / / |[fe1(x) = fea ()l Ao (y) dor*(x) < A, (3.38)
Bk, r(xj) J

rk=sp |x _ y|k+sp

with A to be chosen later. We say that the ball Bsk,,(x;) is a bad ball if (3.38) fails.
The counterpart of [4, Lemma 6].
Lemma 3.4. Let 0 < s < 1 be such that either sp > 1 ors = 1and p = 1. (This as-
sumption ensures that W maps have traces.) Assume that f: B1(0) — F satisfies: (i)
f € W*P(B1(0); Bs(f) N F) for some | € F; (ii) the trace trg ) f of f on S(0,1) belongs to
Ws=1/PP(5(0,1)) and has a continuous representative.

Then, for every a > 0, there exists 7 € W%P(B1(0); B&s(HNF)NC (F(O); Bys(f) N F) such
that trso,1) f = trg(o,1) f and

P
”f - f”Ws'p(Bl(O)) s a

For the proof of Lemma 3.4, see Appendix A. Replacing [4, Lemma 6] with Lemma 3.4,
we can choose /1 in the construction of f; in such a way that

[ =10 ilweris, o < 10 = fetlwor s, o))- (3:39)
Regarding the counterpart of (3.11), combining Morrey’s embedding with (3.36), for
any wy, w € S(0,7j), we have
_kl -3
|fo-1 0 Yi(w1) — fe-1 0 Yi(wa)| S 7°7 7 r; "1 fo-1 0 Yilwsr(so,rp)
_k
< 770 fro1 0 Yilwso a0y < AP,

where in the last inequality, we use the definition of good balls (3.38). We can now
construct f; as in the previous section thanks to the above modifications.

For further use, we note that f; is in W (.; %), using that we do not change the
values of f;—1 on ¢;(S(0, 7})).
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We next estimate the difference fy — fr1.

Step 1. In this step, we prove the following inequality:

f ff 1|Ws P) < Z'ff ff 1|Ws P (Br )" (340)

j€l

Indeed, setting, for simplicity, f’ := f; — f;—1, and using the fact that f, coincides with
fe-1in A \ Dy, we have

’ _ £ 14
= [, [ T @y aio
APk k (3-41)
+2/D[ //%\D[ P d7z*(x)dx " (y)

I+ 1L

For II, let rg be as in (2.2). Using Hardy’s inequality (see, e.g., [27, Exercise 9.17]),
which is scaling invariant, and Poincaré’s inequality, we have

£ (y)IP r r
7 4 d
= Z/ i(Br,(0)) /ﬂwim, - @) dEY)

el (o) e =yl

ffr
/ i T gty a )
$i(Br,(0)) By (x)\i(Br, (0) |x— |
]eh $i(By; (0)) J.\By (x)) Ix—yl P

p
s Z/r (0)/,],(0))c ljlcu—”zl;}|’<(fs)11 du dv +Z/ |f"(y)IP dZ " (y)

]E][ ]eh (Br (O)

[f" o ¢i(0)lP / k
N Z/ (o Ldist (0,500, ) d“Z/ If (v d*(y)

jele jege ¢ i(Br; (0)

S Z'f er s By, (0))

j€le

]Gh

(3-42)

Let us note that, here, the hidden constants depend on ry.
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On the other hand, by (3.42), we have

g E lf'(x) = f'(y)P L )
d#z*(x)dx
-/(Br (0))/¢(B,,(0)) X — y|Frop (x) ()

j€le j'#j

£ (y)IP
Y / o /¢ oy 0T

T (B, ) X =y

(3-43)
/ / MU g5t 2y o)
]eh Bi(By,(0) Ja\yi(B,, 0) [X = Y7
~ Zlf |W<P(w (B, (0)))’
Jj€le
and thus,
=5 oL o T @)
T g S ) s, 0 I =y »
<Z|f lW”’(LP (B, (0))
Jj€le

Combining (3.41), (3.42), and (3.44), we obtain (3.40).

Step 2. Estimate of | fy — in a bad ball B3,/ (x;).

p
fi —1|WS'P(¢1(BG )
Using the definition of f;, combined with (3.36) and the W*- estimate of homogeneous
extensions (this follows, by scaling, from [12, Lemma 3]), we have

Lfex) = fe P i ]
dxz"*(y)dx
/LP(Br (0))/¢(B, (0)) |x—y|k+SP ) (x)

p
S 1ilfemt 0 Yillysnsio.y < i1 @ Yillgsin s, 0

(3-45)

and thus
14 P
o = fertlsr e, omy S i1 © Wil sy, 0 (3-46)

Step 3. Estimate of | f; — in a good ball Bak,,(x;).

p
Fetlwsr s, o)

Let Z]', Aj, and h be as in (3.18), (3.19) and (3.12). We first notice that, in ¢;(B;(0)), we
have h = W; 5 o f;_1, and therefore

|hoi(u) = hoti(v)] S |fe-10¢i(u) — fr-109Pi(v)], Yu,v € By,(0).
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Consequently,

P
|h — fe—1|ws,p(¢i(3,].(0)))
h— fo i) = (h — fe- QL
SZ/—/ I(h = fe-1) o Yi(u) = (h = fi-1) © Yi(0)| dv du
Aj rj(o)

|M _ v|k+sp
(1) — ([P .
< /_ / | fe-1 0 9i(u) Jk”e—l o 1;i(v)] do dut (3-47)
Aj rj(o) |M - Z]| P
- P
< / / | fe-1(x) J:ir—l(yﬂ A7+ () A7 ().
_ sp
Aj J Bsgyr (%) lx =yl

Combining the definition of f, with (3.47) and (3.39), we have

P | fe-1(x) = fea(IP . _ & ‘
| fe fz—llws,p(wi(Brj(O))) < -/A]- -/Bsxzy(x]-) =y d7z"(y)dx"(x). (3.48)

Step 4. Repeating the induction procedure as in Section 3.1, we obtain a map fg4+1 €
WSP(M; F).
For 1 <{ <0 +1, using (3.40), (3.46), (3.48), and the Poincaré inequality, we have

k p
/%'ff - f€—1|p d#x < Z T’Splff - fe—llWS'p(LPi(Brj(O)))

€l

(3-49)
_ — fy_ P
< Tsp/ |fé’ 1(x) ,{é’ 1(y)| d%k(x)d%k(y),
E Jau |x _ yl +sp
and
| f-1(x) = fe-r ()P
i~ filiprins [ [ P a7 ), (3.50)
with E; defined as (3.23). This conclude the proof of (3.34) and (3.35).
We now prove (3.33). On the one hand, the set A; satisfies (similarly to (3.24))
k(a. P
% (A]) S YSP|f€—1|ws,p(B3K2r(xj))' (3'51)

On the other hand, by (3.38), for f;_1, there will be at most | fy—1 |€vs,p /(Ar*=sP) bad balls.
Combining this fact with (3.51), we obtain

" (E¢) < r$P|f€—1|€\/5,p(ﬂ)~ (3-52)
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We now turn to the estimate of || fo+1 — f|lws». By (3.50), we have

P
|f9+1 - f|WS’p(%)

|fo(x) — fo(y)IP
< /EQ+1 //% 0 0 d%k(x)d%k(y) +1fo ‘f|€vs,p(%)

|x _ y|k+sp
|f(x) - f(y)|P k k P (3:53)
< o L T D o= P
— p
<[ [ EESO agka
UeEe 4 |x—y| ep
Combining (3.49) and (3.53), we find that
||f0+l - f”i;p(%)
s |fo(x) = fo(y)IP
s ./E V4 : |x — y|J’:+sg A (x) 4 (y) + 1l fo - f”é”’(%)
0+1
(3.54)
; |f () - fFIP
crv [ [ LEEEO st amt ) + o - Flria
Egu Jur  |X = y[*FP
S P Byercar
Similarly, combining (3.52) with (3.53), we have
0+1
%k(U E@) < réP Z|fl’—1 - f|€\/sp(%) + rsp|f|€\15p(%) < rsp|f|€\/sp(%)‘ (355)
14 =1

As a direct consequence of (3.53), (3.54), and (3.55), we have fg.1 — f in WP (M; F)
asr — 0.

We complete the proof of the theorem by repeating Step 6 in the previous proof to
approximate fg+1 with maps in %Zy. All the arguments in that step have straightforward
fractional counterparts. O

3.3 Proof of Theorem 3.1 whenp = k -1

We now turn to the critical case where s = 1 and p = k — 1. The case where k = 2,
s =1, and p = 1 can be treated essentially exactly as in Section 3.1 while, instead of
Morrey’s embedding, we use the fact that W1(5(0, rj)) maps have absolutely continuous
representatives and, in a good ball, the following inequality:

fit 0 Wi(w1) = fo1 0 Yi(wn)] < / V(fet 0 90|71 < 4, Vaor, w3 € S0, 7).

5(0,7))
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We omit the proof of Theorem 3.1 in this case and focus on the more delicate case where
k > 3. While the strategy of the proof is similar to the one in the supercritical case s =1,
k —1 < p < k, we have to cope with an additional difficulty: When k > 3, W*~1 maps
on (k — 1)-dimensional spheres need not be Holder continuous, or even continuous. A
way to handle this consists in smoothing the restriction of f to “generic” spheres. A
second difference with respect to the supercritical case occurs in the definition of the
good balls, which has to be adapted.

Proof of Theorem 3.1 when p = k — 1. Let k > 3. Starting from the “well-separated” balls
that cover . and the enlarged balls constructed as in the supercritical case, we will
construct inductively, for sufficiently small r, f; such that

(i) there exists a set Dy such that Ujej, B2r(xj) € D¢ € Ujgj, Bskor(xj),

fe = fe-1in M \ Dy, and f; is continuous in U D,,

<t
. ’ , (3.56)
possibly except at the set { xj:j € U Ja } ;
a<t
(ii) there exists a set E; C Dy such that
HHEQ) s 1772 //% IV feal ok + 1D, (3.57)
and the following estimates hold:

//%W — fealt ot < < /ﬂer—ﬂk_l dge*, (3.58)

[ WG - it s [ (@l

M E,

(3.59)

+ / IV fq 2 dge*.
M

Let A > 0 to be chosen later. Given a map g € WVl (#; F)and 1 < € < 0 + 1, for
j € Je, we say that the ball Bk, ,(x;) is a good ball provided

1

p3 IV fo_1()F 1k (x) < AL (3.60)

Bk, r(x))

We say that the ball B3k, (x;) is a bad ball if (3.60) fails.
Let us note that (3.57) — (3.60) are quantitatively different from their counterparts in
Section 3.1. The important point in our approach is to use a different power of r for the
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prefactor in the definition of good balls. This results in good balls being defined via
constraining a bigger, not scale invariant, quantity. As a result, we get a better control
on our map in good balls, in exchange of having more bad balls. However, we are
taking profit of the fact that working with the scale invariant energy gives some margin
of security when estimating the number of bad balls, some of which we are therefore
allowed to give up here. To the best of our knowledge, it is the first time that such
an idea is used in the context of approximation problems for manifold-valued Sobolev

mappings.
Let Dy be as in (3.7). We let fy = fy—1 in .« \ Dy and construct f; in Dy in Steps 1-2.

Step 1. Construction of f; in bad balls.

We use the same notation as in Step 3 of the proof in the supercritical case. Let

§1: Br/(o) \ {0} - &, §1(”) = ff—l oYi (r]ﬁ) . (3.61)

We obtain an approximation g, of g, via the following lemma.

Lemma 3.5. Assume that either (i) k > 3,0 <s < 1,and k =1 < sp < k; or (ii) k = 2,
s =1,and p = 1. Consider a map g € WP(5(0,1); F), and denote by H(g) the homogeneous
extension of g inside B1(0). Then, for every a > 0O, there exists h € WP (B1(0); %) N C(B1(0) \
{0}) such that trg 1) h = g and

IH(g) = hllwsrs,0)) < .

Moreover, we may choose h such that if g is continuous at some point w € S(0,1), then h is
continuous up to .

For the proof of Lemma 3.5, see Appendix A. Using Lemma 3.5 for g, in By, (0) instead
of B1(0), we obtain a map g, such that

(i) g, is continuous in B,;(0) \ {0};
(i) §, =8, on S(0,1j);

(iii) we have

/ VG, — g, dt < / IV foa A,
r:(0) B

By ( 3Ky r (%)
We define f; in 1;(B,;(0)) by

fe(x) =g, 0 ;1 (x). (3.62)
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Step 2. Construction of f; in good balls.

We use the same notation as in the previous step, but this time, B3k,,(x;) is a good
ball.
Let

h:S00,1) > F, h(w) = fi-1 0 Pi(rjw). (3.63)

Since /1 need not have bounded oscillation anymore, we first suitably extend / in a small
annulus near S(0,1). Then, we prove that the extension has small oscillation when
restricted to a suitably chosen sphere of radius smaller than 1, and finally use Lemma
3.4 in the ball enclosed by such a sphere.

For 0 < ¢ < r;/4, which will later on be chosen depending on r, define

h (w/r;), ift<e
F:5(0,7))x(0,2¢) > F, F(w, t) = *Piyr(@/r) . (3.64)
F(w,2e —t), ife <t<2e¢
Here, the convolution is defined in the following sense:
opu) = [ hoR? o yplwpitu)du (365)
B1(0)

where p is a standard radial mollifier in the Euclidean R¥-!, R® is any rotation of R¥
around the origin that sends the north pole 0 of S(0,1) to w, and ¢: B1(0) — §1(@)
is a parametrization of the geodesic ball El(@) centered at 0 of radius 1 on S(0, 1) that
satisfies: (i) ¢ is a diffeomorphism; (ii) dist (¢(u), O) = |u| for any u € B1(0); (iii) for any
rotation R of R¥ around the axis Oxx, we have R o1 (u) = (R(u, 0)); and (iv) 1 maps any
segment [0, x), for x € dB1(0), onto a great circle (which will therefore be a longitude).

We will discuss some properties of the convolution and their proofs in Appendix B.

We first study the oscillation of F(:, €). For w1, wz € S(0,7;), by (B.1) (with ty = ¢/r},
we have

|1 + Pe/ri(wi/rj) — I+ Pe/ri(wa/rj)l

1’]‘ ~ T’j (3-66)
< zIIVhllgk—l(S(o,l)) < Z”V(fl—l o Pilllgr-i(so,r)))-
Combining (3.66), (3.6) with p = k — 1, and (3.60), we have
ko
~ ~ rk-1 1
% Py @ /7)) = fix pey aa1y)] € AT, (3.67)
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Similarly, using (B.2), we have for t < ¢,
dist (/2 + Pt/rj(wl/f’j); F) < ||Vﬁ||:zk71(5(o,1)) < (7’/\)"%- (3-68)

From now on, we let

g i= K/,

Let us note that this is indeed compatible with the constraint ¢ < r;/4, provided that
we choose r sufficiently small. By (3.67) and (3.68), we can choose A and r sufficiently
small universal constants such that, for r < rq: (i) the map F = I1 o F is well-defined
and F € Wl A=1(5(0, ri) X (0,2¢); F); and (ii) E(-,¢e) c Bs/»(f) for some f € .

We next construct the approximation of f,—1. For 0 < ¢ < r;/4, we consider the
bi-Lipschitz map W: B,(0) \ B, 12(0) = 5(0,7j) x(0,7;/2) defined by

W)= (= el (3-69)

Clearly, for sufficiently small 7;, W is bi-Lipschitz and its bi-Lipschitz constants do not
depend on r;. We define hi: By, (0) = F by

ﬁO‘IJ(u), ifr]-—ZSSIuISr]-
ha(u) = fe-109i(u), if lu| <rj -3¢ . (3.70)

rj—3¢

fo—109i(3u —ZWu), if rj —3e <|u| <rj—2¢

We project 11 as in the supercritical case, by setting

A {\ym ohy(u), ifu € By _.(0) 1)

(), if 1 € B;,(0) \ By, (0)

Using Lemma 3.4 for hy in By;-¢(0), there exists a map hs € Wlfk‘l(Br]. (0); Bs(f)) such
that

(i) hj3 is continuous in By,—¢(0);
(ii) hs = h2 = hyin By, (0) \ By—(0);

(iii) we have

/'|w%—%w*s/'|wa—aw*. (3.72)
By, (0) By; 0)
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We now define f; in ¢i(B;,(0)) by f¢ == h3o0 Pt
By construction of f; and Lemma 3.5, the following holds: If f,_; is continuous at
x € Pi(5(0, 7)), then f; is also continuous at x. This implies (3.56).

Step 3. Proof of (3.57)—(3.59).

As in the supercritical case, we divide the proof into three sub-steps.
Step 3.1. Estimate of f; — f;—1 in a bad ball Bak,(x;).

Consider g; asin (3.61). As in the supercritical case, we have

/B VG ol art < / IV foa[ A, (373)

; Bak,r(x))

Combining (3.73) and the definition (3.62) of f;, we have

Bag,r(x;)

/ o o VU fr a7t s / IV fralT At (3.74)
l!}i rj-

Step 3.2. Estimate of f; — fy-1 in a good ball Bsk,(x;).

Since

/ V(i — frnl dzt < / V(s = fry o )l
l/ii(Brj(O)) B,‘].(O)

< -T)l / V=T n
/B © i (3-75)

7j
<),
By (

j

)lV(El — feer o),
0

it suffices to estimate the last three terms in (3.75).
As in (3.20), we first have

/ V(T - T dort?
B,.(0)
]
= /_ |Vhy = Vit dget!
K B (3.76)
< /z 1_|Vh1|k-1d7/k—1
]

< /_1|er—1 o ph[“tdart + / ( )|V(E1 — fea o)t daet T,
ry B,,(0
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where

A; = {u € By_o(0): T (u) & Bs(i)}. (377)

Combining (3.72) with (3.76), in order to estimate the last three terms in (3.75), it
remains to estimate ||V(h1 — fy—1 © ¢;)||gx-1. By the definition of /1, we have

/ V= frr o g = / V(= fior o g
+(0) B

i 1j (O)\Brj—Be(O)

< / V(i o o) (3.78)
Br]' (0)\Bi’j—3£ (O)
+ / [VE(w, )| dz* 1 (w) dt.
S(0,71)x(0,¢)

To estimate the last integral of (3.78), let 1 be as in (3.63). By Lemma B.2 and the
choice of 7; (see (3.6) with p = k — 1), we have

/ IVE(w, t)[* dz* " (w) dt
S(0,7)%(0,¢)
< 7 V[ * pp ()]t A5V (w) dt’ .
: /S(o,nx(o,e/rj) pr (3-79)

e f o VU b i 5 o [ Wl et
5(0,1) B

3K, (X))

Combining (3.72), (3.76), (3.78), and (3.79), we have

_ _ 1 _
/ V(- frl < / IV foa [ 4 e / VAalEL (380)
¥i(Br;(0) Ajl- U A]g Bk, r(x})

Here, Al = Pi(A;), with 4; as in (3.77), and A2 = i(B(0) \ By, 3. (0)).

Step 3.3. As in the supercritical case, summing over j € J;, we obtain maps f; €
WL ; F),1<{ <6 +1,such that, by (3.74) and (3.80), (3.58) and (3.59) hold, with
E¢ = Uje, EZ, and

, AL JAZ, ifB x;) is a good ball for f,_
. { JUA; skyr(¥j)isag fr (38)

Bak,r(xj), if B3k,r(}) is a bad ball for f_
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We next prove (3.57). Using the same calculation as in (3.24), we have

—1 —
HE(Aj) < 7 / V[, (3.82)

B,,

]

and thus, combining (3.82) and (3.79) with (3.78), we obtain

%k(Absrk-l[ / IV fea [t dok + e / IV foa T A"
B3K2r(xj) BSKzr(x])

(3.83)
< T’k_lf |Vfg_1|k_1 d%k,
B3k, (%))
and (recall that ¢ = rk/(k=1))
T (A3) < [Bry(0) \ Bry3c(0)] < [ = (r = 3¢)"] /00, (3.84)

By (3.60), for f;_1, there will be at most //%ng_llk‘l d#* /Ar? bad balls, and the total
number of balls (good and bad) is of order at most rk. Combining this with (3.83),
(3.84), and (3.81), we have

H*(Ee) < (rF1 41572 / Vel dae + 10, (3.85)
M

which implies (3.57).
Now we turn to the estimate of |[fg+1 — f|lwi-1. First, by (3.59) and an iteration
procedure, we have

||Vf9+1 Vf”gk 1)
||Vf9|$k l(E + T k= 1||Vf9|bgvk l(_%) + ”Vf@ Vflgk ](_%)

< ||Vf||gk l(E +rk 1||Vf||=gk 1(%) + ”er vf”gk 1(/%)
6+1
< anngk ey T O+ DIETIVAEL,

(3.86)

||Vf| gk 1(U E) + k- 1||Vf||gk 1(%)
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Then, using (3.58) and (3.86) again combined with an iteration procedure, we have

I fo+1 = flloe1(a)

S ””VfG”&’k*l(/%) + 1l fo - f||3k*1(/ﬂ)

S IV fllgr-rcay + 1V fo = V fllgr1my + 1 fo = fllgrr(ay (3.87)
S 1V fllgercary + lfo = fller1ia)

S 1V fll g1

On the other hand, combining the same argument with (3.85), we have

- — — 1
2 ((JEe) < 0F T+ PRIV FIGL )+ P (3.89)
¢

Thus, combining (3.86), (3.87), and (3.88), we have || fo+1 — fllwie-1 = 0 asr — 0.
Repeating Step 6 as in the supercritical case, the map fp+1 can be approximated with
maps in Ry. m|

3.4 Proof of Theorem 3.2 whensp =k —1and k >3

When 0 < s < 1 and sp = k — 1, the construction of approximation map is again
the same as the case where s = 1, except when k = 2. In this section, we focus on the
fractional counterpart of the proof in Section 3.4, and then deal with the case where
k = 2 in Section 3.5.

Proof of Theorem 3.2 when sp = k — 1 when k > 3. The proof combines arguments from
Sections 3.2 and 3.3. We use the same notation as in Section 3.2. We will construct
inductively f; such that

(i) there exists a set Dy such that U;¢j, B2(x;) € D¢ € Uiy, Bak,r(x;),

fe = fe-1in M \ Dy, and f; is continuous in U D,,

a<t
possibly except at the set {x S U Ja } ;
a<t
(ii) there exists a set Ey C Dy such that
- E
%k(E[) < rk zlff—llg\/s,p(/”) +rk, (389)
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and the following estimates hold:

[ 1= feal ot < 5 (390

~ p |fg_1(X)—f€—1(y)|p d k d k
|f[ f@—1|ws/l’(/%) < /E[ w |x _ y|2k—1 4 (x) H (y) (391)

1
+ 7kl |f€—1|€\/s,p(/%)'

(The exponent 2k — 1 in the middle line is the same as the familiar exponent k + sp
arising in the definition of W*7, since, in this section, sp = k —1.)

Given fy—1 € WP (M ; F), the construction of f; is almost the same as the case where
s = 1, with three slight modifications. First, the 7; we choose is the same as the one in the
supercritical case (Section 3.2). Second, we adapt the definition of good balls and bad
balls. More specifically, for j € J,, we say that the ball B3k,,(x;) is a good ball provided

1 / Veer @) = Sr P ok sty < 1, (3.92)
Bk, r(xj) J ot

2 lx — y[Pk-1

with A to be chosen later. We say that the ball B3,,(x;) is a bad ball if (3.92) fails. Third,
for w1, wy € S(0, 7j), we replace the oscillation computation (3.66) with (using (B.1))

|fl * ps/rj(wl/rj) - E * pe/rj(u)Z/rj)l
FiVS - iy (3.93)
< (E]) |hlwsr(s0,1)) < (;]) [l fe-1 © Yillwsr(so,r)))-

Step 1. Estimate of f; — f;—1 in a bad ball Bz, (x;).

Similarly to the case where s = 1, let ¢; be as in (3.61), and let ¢, be an approximation
of g, obtained via Lemma 3.5. We have

> P p

|g1 - f[—l o l;bllws,p(Brj(O)) g |ff—1|ws,p(BSK2r(xj))l (3'94)
and, suitably choosing @ when applying Lemma 3.5,

5 _o5 IP p

|82 - gllws,p(Brj(O)) S |f€_1|WS’p(B3K2r(X]'))' (3'95)
Combining (3.94) and (3.95) with the definition of f; in (3.62), we find that

p p
e = Fethweny, o, om S Fethwer g, (3.96)
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Step 2. Estimate of f; — fy—1 in a good ball B3k, (x;).

We use the same notation as in Section 3.3. Let /1 be as in (3.70), let h; be as in (3.71),
and let /13 be an approximation of 115 obtained via Lemma 3.4. In this step, we will obtain
the fractional counterpart of (3.80); see (3.115) below. For this purpose, we will estimate,
as in Section 3.3, the last three terms in (3.75) (with the WX seminorm replaced with
the W57 seminorm).

First, since hip = hy in By, 0)\ B,]._g(O), using Hardy’s inequality, we have

1, 1,.P
|h2 - hllws,p(Brj(O))

- — 1o (0) — hi(0)|P
<fh=Tlyps o +2/ / hat0) = @) 4, g
Bri=O) = S, 0 I8, 0B 0) = 0P

- 7, P
S |h2 - hllws’p(Brj—e(O))‘

The same calculation as in (3.47) (with B, (0) replaced with B;,_.(0)) then implies that

- T 71 (1) = ha(0)lP
lhy — ], < / / dudv
WP (B,;(0)) Z} B,,(0) lu — v]2k-1

|fe-1 0 i) = fo-1 0 i(0)lP (3.97)
< /Z]l /r]_(o) du do

|M — »0|2k—l

- P
+|h1 = fi-10 Ebi|ws,p(3,],(o))'

where Z} is as in (3.77).

In view of (3.97) and of the definition of /3, in order to obtain (3.115) below, it remains
to estimate |E|Ws,p(3,], (0)), with H:=h- fo-1 0 ;. In the following three sub-steps, we
are going to prove that

— : — ()P
T < | fe-1 0 ¢i(u) — fr—1 0 i(v)] dodu

W=7 (B, (0) B. (O\B o JB(0 lu — v]2k-1

r]-( )\ r]v—3e( ) 3r(0) (398)

1
e p
+ 15T fre1 0 Yiliyop s, 0y

More precisely, in the first two sub-steps, we will prove that

Fail4 p =
IH lWS'P(Brj(O)) S Pl s0,x(0,09 + 7T et 0 ilwer s 0

N / / [fe-1 0 Yi(u) = fr1 0 Yi(0)P dvdu, (3-99)
Brj(o)\Brj—Bm(O) Bsr(0)

|1/l — r0|2k—1
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where F is as in (3.64), and in the last sub-step, we prove that
P B 1P
Elysso. 0,09 S T e1 0 Wi, o) (3.100)
For this purpose, we first note that, by the definition of /11, we have

7P
|H|WS"’(Brj (0))

[H ()l — (3.101)
sz/ / MV o du + (A, .
B (0B, :0) By . (0) [ = 0P W7 (Brj (ON\Brj2.(0)

Step 2.1. Estimate of the first term on the right-hand side of (3.101).
We decompose

Brj (O) \ Bi’j—3€(0) = (Br]‘—ZS(O) \ Brj—3s(0)) U(Brj(o) \ BT’]‘—ZS(O))'

For rj — 3¢ < |u| < rj — 2¢, by the definition (3.70) of h1in Br/._zg(O), we have

H(u)lP
[ [,
B 2e(0\By, 3:(0) /By, 5.(0) |4 = 0]

H(u) — H(0)|P
= / / —| (1) Zk(j)l dodu
B, 2:(0\By, 5:(0) JB, 5.(0) |t =]

| (w) @) 02
_190 \Uu)— _10 H ¥
< / / ff 1 1/}1 ]Zci_l1 l,bz do du
Br]-(o)\Brj—Se(O) Br]-—3£(0) |M - U'
_ i(u) — fo- i(v)P
S/ / |fl’ 101#1( ) ];2_110%( )| do du.
By, (0)\Br,-3:(0) /By, (0) |u ~ ol
On the other hand, for r; — 2¢ < [u] < rj, we have (with I as in (3.63))
H(u)P
[ e,
By, (0\By;-2:(0) /By, 3.(0) [t = |
hi(u) - P
<[ [ B oar,,
B (0\By,-2:(0) /B, 5.0) 1 =7
SR ’ (3-103)

h(u/lu)) = fooi o i)
+/ / [ /) f!;{_l%( W o du
By, (0\By;-2:(0) /By, -3:(0) u— o

_1o0wi(v) = fr_1ow;(u)lP
i JRLCLIE LTI
By, (0\B;, 5.(0) /B (0) lu -0




We next estimate the third integral in (3.103). We first note that, when r; —2¢ < [u| < 7;
and [v| < rj — 3¢, we have |rju/|u| —u| = rj—|u| < 2¢ and |u —v| > |u| —|v| > ¢. Therefore,

[riu/lul = o| < |rju/lul —ul +|u —ov| < 2e +[u —v| < 3lu -l (3.104)

Thus,

/ / i (u/ul) = fr1 0 i (v)|” o du
By, (0\B, 2:(0) /By, 5.(0) u — ok
- / / | fi—1 0 Yi(rju/lul) = fo-1 0 ¢; (v)lp o du
I8, 0\B,,2.(0) /B, 5.00) |rju/u] — ok
(3-105)

Y fem1 0 Yi(w) = feor 0 Yi(0)P o
/r, 2¢ /(o ") ./B, ) (r]) lw — k1 dod7z" (w) dt

]

: / zg_lf" 10 Uil 0y 4 S 75T et 0 Pillenia, 0
2 7

where the last line follows from the choice of 7; as in (3.37).
We now turn to the second integral in (3.103). By the definition of /11 in B, (0)\By;—2:(0),
we have

hi(u) - h P
[ [ Bw-Rur,,,
By (0\By;2:(0) /B 5. 0) 1 =0l

1 — -
S |71 () = h(u/|u])lP du
€ Br (0)\Br -2¢(0)

2¢e
S o /(O )/ IF(w, t) = h(w/r)P dt A% (w)
Tj

2/\

B /(0 o / % pey /1)) = B /1)l dt 475 (w)

2¢
*F / cor) / 1o % pae—tyyry @0/ rj) = R(w/r))P dt 75 (w)
]

2/\

* k-1
Ek ! /(0 1)/ 1% pi(@) = (@) dt 47" (w).

Therefore, using: (j) Holder’s inequality; (jj) Tonelli’s theorem; and (jjj) the choice of 7;
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as in (3.36), we have

h(u)—h P
/ [ R g, g,
Br]' (O)\Br —2&(0) Br 3&'(0) |1/l - U|

efrj "y — P
< k : / / / |h(w )k fl(w)l %pk—l(w/) dt d%k_l(a))
e s, Bi(w) t

elr n o
s [ [ V(@) = @ 450114 41 a5+-1 (0
5(0,1) Bi(w) t
’ p
<e / / / |h(a) )Zk ];l(a))l dt d%k_l(a)') d%k_l(a))
5(0,1) J5(0,1)  |wo—a’] t
<e / / |h(a) ) h2(ka)2)| d%’k_l(a)') d%’k_l(a))
so,1) Jso1) lw— 'l
< e|h|

Werison S €10 Pillysnsio ) S T © Yilisna oy

Combining (3.102)—(3.106), we obtain

H(u)|P
/ / —l (uzlk_l dov du
Br]v (O)\Brj—3£(0) Br]'—3£(0) |u - U|

</ / | fe-1 0 ¢i(u) — feloll)(v)lp o du
" B, (00\By,2:(0) IB (0) |u — vk

1
11 fe o il g, )

Step 2.2. Estimate of the second term on the right-hand side of (3.101).
For this purpose, we start by noticing that

IHI;

7P P
WS (By; (0)\Brj—3:(0) ~ |h1|WS/P(BU(0)\B,]-_3£(O)) *lfe-re %|WSrP(B,j(0)\3,,]._35(0))‘

(3.106)

(3-107)

(3.108)



By the definition of E, we have

4
|h1 |Ws,p (Brj (0)\Brj —3¢(0))

7, P 7, P
S Vil s, o008, .00 T Hlwer s, o0, .00

N / / ) -m©W
Brj—2e(0)\Brj—3s(O) Br]- (O)\Brj—Ze(O) |1/l - U|2k_1

p
+|F |wsrp(5(0,rj)x(o,g))

hi(u) - h p
o /[ fnta) = ol g,
By 2 OBy 5:(0) B (O\By2:(0) |4 =]
hi(v) - h P
[ / ICRTCI
B, 20(0\By 5:(0) JB, (0\B,(0) |1 =7

() - h P
o / a(o) = R/ g,
Bri2e(O\Br,-3:(0) /B O\Br2:0) |1 =0

We next estimate the last three integrals in (3.109). In order to estimate the first of
the three integrals, we first note that, when [u| < r; — 2¢ and |o| > r; — 2¢, we have
|(rj —2&)v/lv| = v| = dist (v, By;—2¢(0)) < [u — v|. Hence,

P
S fe1 0 Pibysss, o0, a0 5100
3.109

lu —o| 2 |u = (rj = 2e)v/Jvl| = |(rj = 2¢)v/[o| - ©]

> |u—(rj —2&)o/|o|| - [u -,
so that

1
lu —ov| > §|u —(rj = 2&)v/|v|l.
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Therefore,

hi(u) - h p
/[ /[ ORI
Byj-2:(0)\B;2c(0) /B, O0\B;20) 10 =0
(1) — hi((ri = 2&)v/[o|)P
:/ / |h1(u) 1((]2k_1) /o) do du
Bry-20O\Br;-3:(0) By (0)\By; 2.(0) ju =l
(1) — hy((ri —2&)0/ o)
/ / |h1(u) — ha((r; )zil 1|)| do du
By 2 (0\By 5:(0) /B, O\, 2.(0) |4 = (rj =2¢)0/[o|P*=
rj hi(w) — hy((ri — 2&)w’ /)P
/ / / |h1(u) 1((7 )2k/1)| d%k_l(w')dt du
By j-2:(0)\By; 5. (0) Jri=2¢ JS(0,1) lu — (rj = 2e)w’ /2~

: k-1 7- 7
[ [ ( t ) () =@ 41
B, 2c(0\By 5:(0) Jrj=2¢ J5(0,r-26) \Tj — 2€ |u — wpkt

(1) = ha(w)]P
s/ / [ (w) zlk(zfﬂ d%k_l(w)du.
By, -2:(0\By 5:(0) J5(0,r-26) 1 — WP

Then, using a change of variables, the definition (3.70) for h1, and the choice of rj from

A

A

(3.37), we obtain

h(u) = h P
/ i fnto) = ol g, g,
Bri2e(O\Br,-3:(0) /B O\By2:0) 11 =7

[fer 0 i) = for o i@ iy
E/rj_ss(o)-/S(o,rj) d7z" (w) du

A

|u — w2kt (3.110)
] |fecr 0 i) = for o i) 14
S ¢ / (O)/S ] dz" " (w) du
rj (O/rj)

1
| fe-1 0 Yilwsr (s (0)-

A

We now turn to the second of the three last integrals in (3.109). By the definition of
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h1in Br]._ZS(O) \ Brj_gg(O) and a change of variables via W (as in (3.69)), we have

7 _i P
/ / o) = o loDP .,
By -2c(0)\Br, 3:(0) B, c(O\By 2(0) [~ O

</ [h1(0) - h(v/[o])lP
- By, (O\Br, .(0) [dist (v, S(0, 7 - 2¢))]1

_ / IF o W(v) - F o W(rjov/lv])lP
~ JB . (00\B, 20 [dist(o,S(0,rj —2e))]k1

— P
(0,7j)x(e,2¢)

(2e —t)k-1
|1t % pe—tyr(w]77) = h(w[7})IP
_ / Peetim 0= 0T qor1 (w) dt.
(0,rj)x(g,2¢) (2e = t)k=

Using a change of variables and the choice of 7; (3.36), we now obtain

hi(v) = h P
/[ /[ (o) = RGP g,
Br2e(0\By,3:(0) /By _o(0\By,2:0) |1 =7

/ % pugr (@ ) = w [ ry) P
(0,7,)x(0,)

< dz 1 (w) dt

~

tk—l

€I |fo + — h(w)P
g [T KO g i,
5(0,1) EE=

A

(3.111)

<y / /E/r] / |h(w,) - h(a))l %k—l(a)/) dt d%k_l(a))
pS t2k -2

5(0,1) Bi(w)

e/rj [i(@") = ()P
k=1, .7 k-1

< / / / S At (@) dt (@)

5(0,1) Br(w)
< g|h|wg,,(s(0 1y S PET|fpg 0 Wilwsr(Bs, (0)/

where the last line is the same as the one in (3.106).
For the last integral in (3.109), a calculation in the spirit of (3.106) implies that

hi(v) - h P
/[ /[ fnto) = o floDF g, g,
Bry-2c(0\Br, 3:(0) JB, (O\B,o(0) |1 =7 (3.112)

1
S 17| fom1 0 YilwsrBs,0)-

61



Combining (3.108), (3.109), (3.110), (3.111), and (3.112), we obtain

. » 1 A

|H st,puarj (0\Br-3:(0) S Pl s0paio.ep * 10 Biliermyo (3113)
3.113

P

+|fe-10 Hbzlws,p(B,]. (0)\Br;-3:(0))

Therefore, (3.101), (3.107), and (3.113) imply (3.99).
Step 2.3. Estimate of F.

We will prove (3.100). By the definition of F as in (3.64), Lemma B.2, and the choice
of 7 (see (3.36)), we have

P
|F|ws,z7(s(0,rj)><(0,s))

A

e () il
il 0 Olysssiox.emy S EMwerso) (3.114)

A

4 =t 4
elfer 0 Wilbwenisony S et lwer gy i)

We obtain (3.100) from (3.114).

Estimate (3.98) follows from (3.99) and (3.100).

In view of (3.75), we obtain the following estimate of f; — f;—1 in a good ball by
combining Lemma 3.4, (3.97), and (3.98):

_ p
B . - | fe-1(x) = fe-1(y)l 47 () dort
o= fethesrigo o = /A; U2 /33K2,<xj> =y (axw)

1
— p
T fetlyor By, )

(3-115)

Here, Ajl. = gbi(Z;) and AJZ. = ¥i(By;(0) \ Br;—3¢(0)) are the same as in the previous
section.

Combining (3.96) and (3.115) with the Poincaré inequality and summing over j, we
obtain (3.90) and (3.91).

We next prove (3.89). For this purpose, we first note that, as in (3.51), we have

k(AL k=17 P
x (A]) S |h1|WS’p(Brj(0))’ (3116)
and then, by (3.116) and (3.98), we have

kial k-1 14
H (A]) Sr |f€_1lws’p(BsK2r(xj)) (3117)
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and
HH(AT) S By (0) \ By (0)] 5 7f = (rj = 3e)* 5 /D, (3.118)

Summing over j € J; in (3.117) and (3.118) (similarly to (3.85)), we derive (3.89).

In view of Section 3.3, in order to complete the proof of Theorem 3.2 whensp = k -1
and k > 3, it suffices to repeat the induction procedure presented in Section 3.3 to obtain
fo+1, and then to approximate fp.1 with maps in % by repeating Step 6 in Section
3.1. O

3.5 Proof of Theorem 3.2 whensp =1and k =2

The case where sp =1 and 0 < s < 1 requires a separate argument since, in contrast
with the W! case, both trace theory and the Hardy inequality fail. The idea of con-
structing the approximation is essentially the same as in the case k > 3, with careful
calculations and an adaptation from “traces” to “good restrictions”.

Proof of Theorem 3.2 when sp = 1 when k = 2. We use the same notation as in Section 3.2.
We will construct inductively f; such that

(i) there exists a set Dy such that Ujej, B2r(xj) € De € Ujgj, Bskor(x),

fe = fi-1in M \ Dy, and f; is continuous in U D,,

a<{
possibly except at the set { Xxj:j € U Ja } ;
a<{
(ii) there exists a set E; C Dy such that
%2(E€) < 71/2|f€—1|€vs,p(/%) + 71/4/ (3119)
and the following estimates hold:
/ﬂ'fe - fe—llp d%Z s rlff—l'z\/s,p(/%)/ (3.120)
| fe-1(x) = fe1(IP |, 2
o= ficthar < | 492(x) d%(y)
W E¢ Jut x —yP (3.121)
+ r1/4|f€—1|€vs,p(/%)-

(The exponent 3 in the middle line is the same as the familiar exponent k + sp arising in
the definition of W**, since, in this section, sp =k —1 =1.)
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Given fi-1 € WP (M; F), the construction of f; is almost the same as in the case
where k > 3, with four slight modifications: (i) the definition of good balls and bad
balls; (ii) the counterpart of Lemma 3.5; (iii) the counterpart of Lemma 3.4; and (iv) the
choice of ¢.

The definition of good balls and bad balls. For j € ], we say that the ball Bsk,,(x;) is a good
ball provided that

— 14
L / |f€—1(x) ffgl(y)l d%Z(y) d%2(x) < A/ (3.122)
r3/2 Bag,r(x)) Jx — ]/|

with A to be chosen later. We say that the ball Bsk,,(x;) is a bad ball if (3.122) fails.

The counterpart of Lemma 3.5. In a bad ball, to get the approximation g, of the map g,
defined as in (3.61), instead of using Lemma 3.5, we use the following lemma.

Lemma 3.6. Let k = 2, and assume that 0 < s < 1 and sp = 1. Consider a map g €
W*P(5(0,1); F), and let H(g) be the homogeneous extension of g. Then, for every a > 0, there
exists ¢ B1(0) — & such that: (i) g € W*?(B1(0); %) N C(B1(0) \ {0}); (ii) if g is continuous
at some point w € S(0, 1), then g is continuous up to w and g(w) = g(w); (iii) we have

IH(g) — gllwsr ) < @

and (iv) we have

/ / |H(g)(u) — gl du d7\ (o) < a. (3.123)
$(0,1) ¥/ B1(0)

u - wP

For the proof of Lemma 3.6, see Appendix A.

The counterpart of Lemma 3.4. In a good ball, to obtain an approximation h3 of the map
h, defined as in (3.71), instead of using Lemma 3.4, we use Lemma 3.7 below.

Lemma 3.7. Let k > 2. Let 0 < s < 1 be such that sp = 1. Assume that f: B1(0) —
satisfies: (i) f € W*P(B1(0); Bs(f) N F) for some | € F; (ii) the restriction f|5(0 0 off on
S(0,1) is in W*P(S(0, 1)) and has a continuous representative; (iii) it holds

- P
/ / f) — f ]f 1)| du d7* (@) < oo, (3.124)
50,1 JBi0) 1 — [
Then, for every a > 0, there exists 7 € W¥%P(B1(0); B4s(f) N F) N C(B1(0); Bys(f) N F) such
that (i) f‘s(m) = Flgo. (i) we have

If = Fllwergiop < @
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and (iii) we have

/ / |f(u) — fooF du d#*Y(w) < a. (3.125)
5(0,1) / B1(0)

|u _ w|k+l

For the proof of Lemma 3.7, see Appendix A.

Remark 3.8. Lemma 3.7, with k + 1 replaced with k + sp, still holds when 0 < s < 1 and
sp > 1. This is a direct consequence of Lemma 3.4. |
The choice of €. In this proof, we let ¢ := r5/4.

By (3.93), (3.122) and (3.36), in a good ball, for w1, w> € 5(0, r;), we have

232\
|h*Pa/r (wl/f’])—h*pé/r (w2/1’])| < (—/\) .

Therefore, we can choose A and r; to be sufficiently small universal constants so that,
for r < rq: (i) the map F := I o F is well-defined and F € WY¥-1(5(0, ri) X (0,2¢); F);
and (ii) F(-, €) C Bs»(f) for some f € &

Step 1. A preliminary estimate for f = fo— fe-1.
We first note that, by repeating the calculations in (3.42) and (3.43), we have

F()IP
TG i) IByxipicay o) X =l (3.26)
+ Z”f”wsr’(w (B, (0)°
j€le
Changing variables, we find that
P
/ / SOV 49020 a2 ()
$i(By; 0) By (x\pi(B,,(0)) 1X = Y (127
3.127
/ / |f Yi(v)P dudo < / |f Vi (U)lp
) JRAB, ) 1= Clu-oP T T Cri—lol
On the other hand, we have
. P
/ |f opi(v)lF do < r/ lf l’b ©) . (3.128)
Br,(0) By, (0) =l



Combining (3.126), (3.127), and (3.128), we have

Z\p z P |fo4)i(v)|p

Jj€lr B;(0)

= Z. (3.129)

Step 2. Estimate of £ in a bad ball B3k,(x;).

We first estimate the first term on the right-hand side of (3.129). Let g, be as in (3.61).
In the spirit of (3.45) and (3.46), we have

181 = fe-1 0 Yilwer s, o) S |fe-1 0 Pilwsr s, 0)- (3-130)

On the other hand, by Lemma 3.6, we have

(82 = &1lwer (s, ) < fe-1 © Yilwer(s,(0)- (3.131)
Combining (3.130), (3.131), and the definition of f;, we have
|F o ilwsrs, o) = [82 = fer © Yilwsrss,0)

<185 = Silwsr(as,0) + 181 = fo-1 © Yilwsr(ss,00) (3132)

< | fe—1 © Yilwsr(Bs, (0)-

We now turn to the last term in (3.129). Using (3.37), and the fact that |w — v| < r; - [7]
provided that w € S(0,7;) N Br]._|v|(r]'v/|v|), we have

/ Ig,(v) = fe1 0 Pi(v))P do
B,0)

ri = ol
= ()= fos 0 DA
s/ f 3,(0) = Ji-1 0 $i0) doz (w) do
110 J 50,708, (770 lo]) lw ol
Y o b
< 1’]‘/ / 8:1(0) — f 103%(0)' do d#z (w) (3.133)
50,77) JB,;(0) lw — o]
—10vi(riv/|v|) = fr—1 o i(w)?
Srj/ / | fe-1 0 Yi(rjo/lo]) ;(/1 Yi(w)| do d57 (w)
S0,1)) /B,;(0) |w =]
(w0) — ()P
+ rj/ / |f€—l © l,bl(w) f€3—1 °¢1(0)| do d%l(w).
50,17) JB1;(0) |w =]

We estimate the first integral on the right-hand side of (3.133). Using [11, (4.14)], we
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have

/ / | fe-1 0 Yi(rjo/|0]) = fe1 0 Pi(w)P do d7} (w)
S0,7) JB,;(0)

lw —of?
Tt fea 0 (@) = fra 0 Pi(w)l 1~ 1
dtd d
/(0 ) /(0 r,)/ lw —t@ /1P fax @ (@) (3.134)
1 Ife 10i(rj@) = feo1 0 i(rjw)lP 1~ .
/(o 1) /(o 1)/ lw —tdP A &) ax (@)

p
< |ff 10 1/) (7’] )lws 2(5(0,1)) |f€—l o ¢i|WS/p(S(O,rj))'

Combining (3.133) and (3.134) with the choice of 7; (see (3.36) and (3.37)), we have

/ Ig,(v) = fi-1 o Pi(v)|P
B,.(0)

_ |U| dv S |f€_1 o Ilbilr;vs,p(B,jr(O))' (3135)

Using (3.135) and the choice of g, (Lemma 3.6), we obtain

If o ¢i(o)lP
———dv < |fir1 o Vil :
/Br]'(O) rj = vl Jer o Wilwen o 0

Therefore, by (3.132), we have

|f o yi(o)lP
|f lablwsv(B o / fL

dUSl(_lo 'lpS, ’ 136
B, T~ Il fer o Yilyyss s, 0 (3.136)

and, using (3.128), we conclude that

If o illgy g, ) ® < tlfe1 0 Yilygsnay o)y

Step 3. Estimate of £ in a good ball Bs,,(x;).

Let ﬁl be as in (3.70), ﬁz be as in (3.71), and let Zg be an approximation of Ez obtained
via Lemma 3.7.
In order to estimate #, we decompose f o 1; as

Fow;=(hs—hy)+ (ha—h1)+ (h1 — fr-10Wy),

and estimate the contribution of each of the three above terms in &.



Step 3.1. In this sub-step, we prove that

= |13(0) = ha ()P -
Ihs thWs’p(Brj(O))—'—-/Brj(O) rj = ol do s [z - hllW"’(B ) (3.137)

By Lemma 3.7, we can choose the map 3 such that

7 _ TP
|h3_h2|ww3 oy < 2= hl'ww(g — (0
and
h3(0) = ha(0) P k-1
do d* ! (w) < [hy = Il : (3.138)
/S(Or] )./B, _(0) C -wp WeP(By—(0)

Therefore, using an inequality in the spirit of (3.104),

| h2|Ws (B, (0))

Ha(0) = ho(0)|P
< |h3 hzlwgp(Br ) 2/ / %dvdu
Bl’](o)\B}’]—é(O) Br]‘—f(o)

o [113(0) = ha(0))"
< |h3 = h2|ws,r(3,jﬂ-(0)> " /B /

By 10— (7~ Ju WP
_ N
SR &<o>>+/r. ci’j—él = Ibynis, 0
]_(—

< |ho - hllefP(B,jfg(O))'

dvodu  (3.139)
/O\B,,(0)

Now, observe that, if w € S(0, rj — €) N B, _|((rj — €)v/[v]), then [w — v| < rj —[v]. Hence,
relying on (3.138) and on the fact that ¢ = r3/4, so that rj — & 2 rj/2 whenever r is
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sufficiently small, we estimate

/[ @) - Ta@P |
By (0) '

= [v]

h3(v) — ha(0)|P
=/ |h3(v) = ha(0)] do
By;-e(0) ri— [o]
p
/ f |h3(0) T2(0)| 4%\ (w) do
By (0) J 8(0,7/-6)0B,, o ((rj—e)o /o) EET

/ / |h3(U) hZ(v)l d%l(w) dU
Br;+(0) J5(0,11-e)0B, _y((rj=¢)o o) Jw = ol(r; = o])

/ / 13 (0) - h23(v)| do 4\ (w)
50,rj~¢) IB,, . (0) lw — v

rilha — ]

A

2/\

A

WP(By—£(0))"

Together, (3.139) and (3.140) imply (3.137).
Step 3.2. In this sub-step, we prove that

T TP |ha(v) = I (0)P
|ho h1|ws,p(Br‘(0))+/B o —1"—|v| do

// |f510¢(14)—fe1041(0)| L do
1 (0) lu — 0P

P
+ |hl - fl,’—l © ll}i|ws/p(Byj(0)) + 7"1/4|f€—1 © lpilWS'P(Bgy(O))'

Step 3.2.1. We first prove that (with Z;’ as in (3.77))

| hllws (B, (0))

| fo-109i(u) — fo- 10¢(v)lp
s/‘1/,(0) o

lu —op

+ 1= fr10 ¢i|€vsfv(3rj(0)) +rfere ¢i|€vs,p(33,(o))-

(3-140)

(3.141)

(3.142)



By the definition (3.71) of Ty, we have
b2 = tlyers Q)

_ T0(0) — T1(0)P (3-143)
5|h2_h1|1’sp _,_2/ / Mdudv.

W Br=eO) = Jp, ) B, O0NBy @) =P
] ] ]

Repeating the calculation in (3.97), we find that, with Z} as in (3.77), we have

- = | fo—1 0 Pi(u) — fe1°¢(v)|
|hy — ., < / / udo

+ |h1 - ff—l o ¢i|€vs,p(3rj(0))'

(3.144)

We next estimate the crossed integral in (3.143). For this purpose, we first note that,
since E(w) € Bso(f), Yw € S(0, rj — ¢), we have Wj 5 o h1=hyon S(0,7j — ¢€), and thus

p
/ / |h2(v) — h13(0)| du do
1j-e(0) I B, (0)\By;-(0) lu — o

W: s 0 hy(v) — hy ()P
:/ / [¥s s 1()31( )| du do
By;<(0) /By, (0)\B,; ¢(0) u =2l

Wi 5 0 hy(0) = Wi g 0 El((”j —e)u/lul)lf
S 3 dudo  (3.145)
B,._+(0) B, (0\By,_(0) lu o

h1(0) — h((r; — €)u/|ul)P
+/ / |h1(v) 1((]3)/||)|dudv
By,<(0) /B, (0\B,, . (0) u -

h1(0) = ha((r = )u /)P
g/ / |h1(v) 1((1 . Ju/lul)l dudo =1+1L
Brj_e(O) i (0)\37]-—8(0) |u B Ul

Here, in order to estimate the last integral of (3.145), we decompose

Br—e(0) = (Br,—e(0) \ By 2:(0) | ) Br;2:(0).
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For v € By,¢(0) \ By;—2:(0), we have

1 (v) = hy((ri — e)u/lul)P
I::/ / |h1(0) 1((]3)/||)| du do
Br,c(0)\By; 2(0) By, (0)\B,¢(0) |u — o

/2& / / / |l + pae— B/ (w1/rj) = h* Pé/r,(wz/rj)l”
50,17) 50,17) [lwz — wi| + (t = )]

x A (w,) dt’ A (wy) dt
. i+ peac-ain@1/1) = i * peg /P
/ / / Pe-t)/r(W1/7; Dol 2T 4507 (wg) 4 o) dt
5(0,rj) 45(0,r))

[l — w| + (t = €)]?

efj it % pe(@1) = ho# pejr (@)l
S / / / P Perr — A (w2) A (1) dt.
0 5(0,1) J/5(0,1)

[lwz — wi] + (e/rj = t)]

Therefore, we have

efrj |h *Pefr (a)l) h+ efr (0)2)|
157 / / / m S 4 (02) A9 o)
5(0,1) J5(0,1)

[lwz = w1l + (e/rj = )]

el s pr(@n) = s pegr (@)l 1 (5:140)
’ rj/o /5(0,1) /5(0,1) [lwz = wi| + (e/r; = 1)]? A (@) dF " (an) di.
By Lemma B.1, we have
el it % pesri(@1) = Tt % p gy (@2)IP
/o /5(0,1) /5(0,1) [Ii)z/ ]— w1| + (S/fj i]f)]z A7 (w2) A7 ()
B / / % pegr(@1) = Tt % pegr (2)P 4 () 457 o) (3.147)
50,1 Js0,1) lws — w1l?

|h|wsp(5(o 1))

2/\

For the second integral on the right-hand side of (3.146) we find, similarly to the calcu-
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lation in Lemma B.2, that

e [ x prl@n) = i * pe (@)l
‘/ ]/‘ /' e Per VT 49 () A (wy) dit
501 Js0

[lwz = wnl + (e/rj = H)]?

e/7j |l % pr(wr) = f % pesri (1)
S/' /' Pt Pern VT 49 (wy) d
0,1)

8/7’]' —t
efr ~ oz )
s / / / ) = MR 43 (o) 42 1) dla (3.148)
(O 1) g(CUl) a
efr
/ / / |h(w) — h(¢;1)| 49 () A% (1) da
501 JBiw) o -l
- r]|h|W5P(S(o )’

Combining (3.146) with (3.147), (3.148), and the choice of r; in (3.36), we obtain

1 4 p
I< €|h|ws P(8(0,1)) ~ Elff 10 1/} |Ws P(5(0,7)) < / |f€—1 o l’bilwsfp(Bgr(O))' (3149)

To complete the estimate of the last integral of (3.145), we now consider v € Brj_ze(O)
and note that

h1(0) = hi((ri — )u/|u))|P
I ::/ / |h1(v) = ha((r; 36) /1ul)] 4 do
11-2:(0) J B, (0)\B,,_.(0) ju -l
h1(0) = hi((ri — )u/|u|)|P
S/ / |h1(v) = hq((r; )/ll)ldudv
12:0) B OB 0 (= &)uflul = ol
j hi(0) = h p
[ R e,
ri-e Js0r-) B, 5.0) [w — o]

h1(v) = h(w)|P
of [ RO goarw),
5(0,rj=¢) Brj—Zs(O) |w - ’(')l

which implies that

h1(v) = hy(riw/(ri — &)
< g/ / [h1(v) = (rjw/(rj - €))| do 47" (o)
(0,7j=¢) /By, 2:(0)

|w — 0P

[h1(w) = i (rjw/(rj = €))F 1
e /(0 rj=¢) /, —2:(0) dodx (ZU)

lw —op

N

A

(3.150)

For the first integral on the right-hand side of (3.150), using the definition (3.70) of I
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and the choice of r; in (3.37), we have

/ / |h1(v) - hl(T]'ZU/(rj - 5))|p do d%l(w)
S(0, T €) j —2¢(0)

lw —op

P
/ / Ihl(v) hl(gv )| do d7 ()
50,77) JBy;2:(0) lw’ — o]

[ [ Mmoo fi el g
(07’1) r(o)

|w” — ul?

(3-151)

S r_jlff—l o ¢i|ws,p(33r(0))'

We next consider the last integral in (3.150). Using again the definitions (3.70) of I
and (3.63) of /1, we have

/ / [l (rjw/(rj = ) = (@)l do d7} (w)
5(0,rj=¢) J By;-2:(0)

lw — o

A

_/5(0 | |h1(7’]ZU/(r] —¢)) - 1(w)|p daz (w)

1 T ’ T ’ ’
£ G ) = g P )
€ Js(0,rp)

A

(3-152)

A

i ~ ~
L @) = i pesy (@) A (@)
€ Js,1)

(%)2 ./s(o 1)[ ( )lfl(w)_ﬁ(w')lp A7 () dZ (w)
, efrj(@

[h(w) = (@) .
A7 (') dx (w) < |h
/(on /é/r W o —wP (@) 47 (@) < [hlyer 0,1y
Combining (3.150) with (3.151), (3.152), and the choice of r; in (3.36), we obtain

IIsg r1/4|ff—l ° ¢i|1’z\]5,p(337(0))' (3153)

Consequently, (3.145), (3.149), and (3.153) imply that

|h2(0) h1(0)| 1/4
dudo < r'4fr oyl (3-154)
/B, ~.(0) / LONB, 0 [ e oo e ierimson

Therefore, using (3.143), (3.144), and (3.154), we find (3.142).
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Step 3.2.2. Estimate of Z}.
—1
Recall that A; is as in (3.77). Since @ we use for (3.25) is Lipschitz, we have

D(|h1(0) = fl) = D1 (v) = f|) = PR ((rj — €)u/Jul) - )
< [h1(0) = Ba((rj = e)u/lul)l, Yu € R

Averaging this estimate over B,,(0) \ By,—¢(0) with respect to u and using the estimate
obtained for the last term in (3.145) (coming from (3.149) and (3.153)), we have

wA) < [ o) - do

j=¢(0)

< / f 71(0) = Ta((rj — e)u/JulP du do
Brj—s(o) rj(o)\Brj—e(O)

_ _ (3-155)
ri)? hi(v) = hi((rj — e)u/|u])l?
s(])/ / |71 (v) 1((]3)/||)|dudv
€ JB, .0 /B, 0)\B,,.(0) |~ ol
< rlfl’—l © ¢i|€VS”’(B3y(O))'
Step 3.2.3. We prove that
/ |h2(0) mEW 4 / JCE U SR
B0 ri-ll ) i = o (3.156)
+ |h1 - ff—l o ¢i|€vs,p(3rj(0))-
For this purpose, we define
Aj = {u € By (0): n(u) ¢ Bo(D)}-
By the definition (3.70) of 1, (3.155), and (3.122), we have
A < %’2(A )< rlfeo vl < 1927, (3.157)

We (B3, (0)) ~

We first note that, for u € B,;_(0) \ Z}, W; 50 h(u) = ha(u).
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Using this and the fact that Z} C By,- «(0), we obtain

h — (0P
/ 20 - @F
B 1ol

|Wi s o El(v) ~ (@) d
0
7 - |o]

|‘I’f 5 0 h1(v) — hy(0)P
. du do 158
/ ‘fB (U)\Al ri— o (3.158)
_} p
< / f 111 (v) — h1(u)| du do
A} J B.o)\A! lu — ol

/ / @) @l #2Be0)
BN =P 2(Bw) -4

By (3.157), we have

7/2(/1]1.) 3 A
H2(B:(v) ~ €2

Therefore, we can choose A sufficiently small such that, by (3.158),

falo) T (o) = Ta )P
/B,].(O) ol / J o weop

| fe-1 0 ¢i(u) — fo- 10¢z(0)|p
s/“/r(m tdo

|u —oP

+|h1 = fr-1 0 ¢i|€vs,p(3,j(0))’

which implies (3.156).
Combining (3.142) with (3.156), we obtain (3.141).
Step 3.3. In this sub-step, we prove that

/ h1(0) - fe 10Y; (U)|p
B,.(0)

— o]

<[ / o0~ i gl (3:159)
" JB,(0\B, 3.0 IB5,0) lu—of

+ rl/4|f(’—1 o l,bjlgvs,rl(Bg,,(O))'

|h1 - f(’—l o ¢i|€vs,p(3rj(0)) +
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Let G = hy — fe-1 0 ;. Proceeding exactly as in the proof of (3.98), with ¢ = pk/(k=1)
replaced with ¢ = 54 we find that

_10Wi(u) — frioyi(v)P
|G|€vs,p(8rv(0))s/‘ / |fl’ 1 I]DI( ) f£’31 1;[}1( )l do du
j Bry(0\By,-5:(0) JBs,(0) ju =l (3.160)
1/4 p
el o
On the other hand, we note that,
G p
/ |G(v)] do
B,,0) 7j ~ [0l
G p
_ / |G(v)] do
By, (0)\By,5:(0) Tj ~ V]
G p
< / f ﬂdu dov (3.161)
By, (0\Br; 5¢(0) J (B, (0)\B; (0)NB,,(rjolel) |4 =V 3

—10Ui(v) = fe—1 0 i(u)P
s/ / |fe-1 0 ¢i(v) fz31 Yl
B (0)\Br, (0) J By, (0)\By, 5:(0) o~ ul

1 (0) = frq o Ui (u)P
o (o)~ fir o G
B3y (0)\By, (0) I B, (0)\B,5:(0) lo —ul

To estimate the last integral of (3.161), we decompose

B1;(0) \ Br,-5:(0) = (B, 2:(0) \ By -3 (0)) |_J(B1;(0) \ By, 2:(0)).

For v € B,j_zg(O) \ Br],_gg(O), we have

hi(v) - fi i(u)P
/ / |h1(v) fflo;,bz( ) do du
By (0\B,(0) /B, 2:(0\By, 3(0) lu =l

Ba:(0)\B;0)

B, 2:(0\B,,3.(0) 130 = 2(rj = 3e)o/[o| — uf?

< / / | fe-1 0 %(U'% - fe;1 oyi(u)lP 4o’ dut.
Br(0)\By, (0) J By, (0)\B5¢(0) 0" — ul




Second, by the definition (3.70) of ﬁl, we have

1 (0) = frq o Ui (u)P
/ / |h1(v) = foa 31,01( I do du
By (0)\By, (0) J B, (0)\B(0) |u — o

h1(v) = foe1 o Yi(u)P
S/ / |h1(v) fe13¢z( W 4o du
B (0)\By, (0) J B, (0)\B,(0) ey

h1(0) = fr1 o wiriv/[o|)|P
s/ / |h1(0) = fe1 #};(;/I )] dodu
B (0)\B;(0) /By, (0)\B(0) u =l

t-10Yi(u) — fe-1 0 Yi(rjo/[o)|P
+/ / |fe-1 0 9i(u) — f 3%(; /lo)) do due.
B (0)\By;(0) /By, (0)\B_<(0) ju =l

We consider the first of the last two integrals in (3.163). By the definition of h1, the

(3-163)

choice of 7; in (3.36), and a calculation in spirit of (3.106), we obtain

|h1(v) = fr_1 0 Yi(rjv/lo)lP 4
3 vdu
B3 (0\Br, (0) /B, (0)\B _+(0) |u -0

/ 1(0) = fi- 0 pitryo/loDP
< - do
By (0)\By,(0) dist (v, S(0, 7))

€ it % pyjr (w]1}) = h(w /7))l
/ / Pejr BT L 49 (w) dt
0 Js0r)

A

t (3.164)

e/rj Ji = — ()P
7’]‘/ ’/ |h % pt(w) = h(w)] 49 (@) dt
0 5(0,1) t

el i+ — ()P
6/ ’/ | Pt(fu)2 ()] 4% () dt
0 5(0,1)

A

N

t

2\

P — P 1/4 P
lllyssio,) = €1 © Wilwsnsioy = 7 et © Pilss i, 0y

As for the second of the last two integrals in (3.163), by the choice of 7; in (3.36), we
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have

/ / |fe-1 0 i) = fro1 09 (r]v/|v|)|l7
B3 (0)\By;(0) ¥ By, (0)\By; . (0) lu — o3

_10Wi(u) = foqg o i(riv/|v))|lP
S/ / |f£’ 1 I;bl( ) fl’ 1 I;il(] /l |)| do du
B3,(0)\By;(0) /By (0)\By,¢(0) lu —rjv/lol

A

A

] |fe-1 0 i(u) = frr o pi(w)fP |,
€ /Bar(o) /(0 , d#* (w)du

lu —wp
1/4 p
Sr / |ff—1 o l;bilws,p(33r(0))-

Combining, (3.161), (3.162), (3.163), (3.164), and (3.165), we obtain

p
JE
8, 7 ~ ol

—109i(v oi(u V
S/ / |fe-1 0 ¢i(0) - f£31 Pi(u)| 1 do
By, (0)\By,-3(0) J B, (0) I

+ 18 et © Yillyen oy 0

Therefore, by (3.160) and (3.166), we obtain (3.159).
To conclude Step 3, we combine (3.137), (3.141), and (3.159), and find that

. fevil
|f o 1/J1|Ws/p(Byj(0)) * /Brj(o) ~ Il

|fe-10 1,11‘(0) fe—1 0 (M)lp
: /Z} U4 ./33,(0) lu —of? udv

8 frer 0 illyen o, 0

In turn, (3.128) and (3.167) yield

[feo109i0) — fer o i@l |
Hf 1/) ”gp(B (o)) S A UA /BMO) |u —ZJ|3

81 0 Uilyensy

udo
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r _ i 14
/ / /j # V1 0 i) f”; il 41 49 () du
B3, (0)\B;(0) J5(0,1)) Jr; lu —wl

(3-165)

(3.166)

(3-167)

(3.168)



Summing up over j, by (3.129), (3.136), and (3.167), we obtain

= | fe—1(x) = foe—1 ()P
|f|€\]5/l7(ﬂ) S L ‘/‘/‘% f |x _Zl?’ y d%z(x) d%z(y) + r1/4|f€—1|€vs,p(_%)
l

(where E; is as in (3.81)), whence (3.121).
On the other hand, by (3.168),

100
|fe-1(x) = fe-1 (WP ) 5/4 "
=7 /E[ //% lx —yP A7) AT ) + 7 feer 0 Wil 5, 0)
< V|fe—1|€vs,p(/%),

whence (3.120).
We next prove (3.119). In the spirit of (3.85) and using (3.155), we have

2 2 p
r2=(ri—e?* |felb.
Z*(Ee) < Z V|fl’—1|ww(331<zr(xj))+ r2 TR
good balls

1/4
< 71/2|f€—1|€vs,p(%) +7r / .

To complete the proof of Theorem 3.2 when sp = 1 and k = 2, it suffices to repeat the
induction procedure presented in Section 3.3 to obtain fg.1, and then to approximate
fo+1 with maps in % by repeating Step 6 in Section 3.1. O

4 Defining the pullback via lifting

In this section, we move to our main goal, namely, taking profit of a lifting procedure
to extend the range where a robust definition can be given to the pullback f*w in the
sense of distributions. This makes use in a crucial way of the techniques we developed
in the previous sections on liftings as well as on strong approximation of Sobolev maps
with almost smooth maps.

4.1 A natural extension of d[¢*y]

In this section, ./ is a simply-connected, compact k-dimensional Lipschitz manifold,
and # is a complete Riemannian manifold, embedded into R? via a tubed embedding.
The main result of this section explains how to give a robust meaning to the pullback
of a (k — 1)-form by a WY, F) map. Later on, we will impose more stringent
restrictions on our target and assume it to be a covering space &, but as far as we are
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concerned with pullbacks by first order Sobolev maps, we can work in this very general
setting.

More specifically, the main result of this section is the following.

Theorem 4.1. Assume that k > 2. Let y be a smooth (k — 1)-form with bounded coefficients on
F . Then, the map

WYYt F) s o T =Ty,

where
(To,&) = / @y NdE&  for every & € Lip( M),
a

can be extended by continuity to W=V (a; 7).
The extension, still denoted ¢ — T, satisfies

|<T(P/ CE>| < C|(P|l;v1_1/k,k|(§|Lip/ (41)
for C a finite constant independent of f and &.

Proof of Theorem 4.1. Let us start with a formal calculation. Let @: . X (0, ) — R be

an extension of ¢ to be defined later. Set E(x, €) = &(x) and let 7 be an extension of y
to R, Formally, we have

/ Py AdE = - / d[@* 7 AdE] = - / O (dy) A dE. (4.2)
WA M x(0,00) MX(0,00)

We next justify (4.2) for an appropriate choice of ®@. The argument is quite similar to
the proof of Theorem 5.7 in [19].

Step 1. Definition of an appropriate extension operator ¢ +— @.

Consider {(U;, Vi, i)} as in Section 2.1. Let €1 = €1(.#) > 0 be such that the open sets
U/ = {x € Ui B, (i)' (x)) € Vi} = ¢i({v € Vi:dist (v, (V})) > &1})

cover .

Consider a Lipschitz partition of unity (&;);e; subordinated to the cover (U/);er of /.
Let p € CX(B1(0)) be a mollifier. For ¢ € £ (4; R%) and v € V;, set @) = @ oi(v).
For0 < ¢ < &1, set

P, ) = Px) = ) &) [@rx o)) ()]

8o



For x € / and the other non-negative values of ¢, we set

p(x), ife=0

D(x, €)= f/ﬂ @, if e >2¢;

(2— i)CIJ(JC,E1)+ (i —1)f p, ifer <e<2g
€1 €1 M

The linear operator Z'(#;R?) 3 ¢ +— @ has the following properties (with finite
constants independent of ¢).

(1) We have @ € Lip(# x [a,b]) forany 0 < a < b < co.

(2) For 1 < ¢ £2¢1, we have

0:D(x, ¢€) = gll(f,/ﬂ @ — D(x, 61))
-1 &ilx) [((P - fﬂ <P) o l,bi] *pe, (Y1) H(x))

&1 ~
1
and therefore

9.D(x, )] < /ﬂ /ﬂ oY) - p(2)] A7 () A7 (2),

(4.3)
Vxe Ve <¢e<2e.
(3) For0 < ¢ < ¢ and Hk-a.e. x € M, we have
1
Vo IS ¢ £ I~ (ldT ) 44
o(x

For the above properties, see [19, Lemma 5.8].
Step 2. Justification of (4.2) when ¢ € WHE=1(; F).

Let 0 < a <2¢&; <b < oo. By (1) and the Stokes like formula for Lipschitz maps (see,
e.g., [19, Proposition 5.9]), we have

/ O*(d) A dE = / (D)7 A dE / (D)7 AdE,
Mx(a,b) M M

where we use the notation @,(x) := @(x, ¢). Using the fact that, by definition, O(x, ¢)
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is constant for x € /# and ¢ > 2¢1, we find that

[@ypnde=-[ oaprdi=-[  o@pnd 45)
M MX(a,b) MX(a,00)
We next note that

O, — @in WYy as ¢ — 0. (4.6)

In order to prove this, it suffices to prove that ¢, . = &; [(¢p; * p)(@i)71()] = &ip in
WUk=1(#). Clearly, we have

P oti=(E o) (@, pe) = (& o) P; = (& o) (@ o) in WHL(V)). (4.7)

Combining (4.7) with the fact that q}l—l o Y is bi-Lipschitz, we obtain that ¢, . o ; —
(EioYj)(potj)in Wl'k‘l(Vj), and therefore ¢, ., — &;p in WY1 ).

From (4.6) and the Z*~1-continuity of the superposition with Carathéodory functions
(see, e.g., Appell and Zabrejko [2, Lemma 9.5]), we have

(D)7 — @7 in LLase — 0.

Since j is an extension of y, we have ¢*J = ¢*y a.e. Letting 2 — 0 in (4.5), we have

(Tp,&) = / Py AndE = —/ @ (dy) A dE.
M M %(0,00)

This completes Step 2.
Step 3. Justification of (4.1) when ¢ € WYE=1(#; F).
By (4.3), (4.4), and the definition of @, we have for a.e. x € ./,

Vo (x, ) < / lo(y) — ()| 475 (y)
/A

(4-8)

+ //% //4 (1) = 9(2)] AT () A (2) i €1 < € < 261,

VO(x,e) = 0,if & > 2¢;. (4.9)

Combining (4.4), (4.8), and (4.9) with Holder’s inequality, we obtain the following
estimate.
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Lemma 4.2. Let0 <r <1land1 < g < co. Then

lp) —pW)I”
(1-r)-1 P L
/X(O o el IVO(x, &)l </ / st (v, )] dz*(y) dz* (x).

Applying Lemma 4.2 with r := 1 —1/k and g := k, we obtain the estimate

’/ o (dy) A di S |(P|€\/1—1/k,k|€|Lip'
M %(0,00)

Step 4. Continuity of the right-hand side of (4.2) in WI-Vkk( g F).

Consider ¢;, ¢: M — F such that ¢; — @ in W=/ K ag j — co. The converse to the
dominated convergence theorem implies that there exists a map G: # X # — [0, o]
such that

[G(x, )]k L L
/ //% [dist (x, y)]2k 7 477 (x) A7 (y) < oo, (4.10)

and, up to a subsequence,
lpi(x) = @j(y)l < G(x, ). (4.11)

Let @; be the corresponding maps associated with ¢;. Then, by the properties of
convolution, for a.e. x € # and V ¢ > 0, we have

V@i(x, ) = VD(x, €). (4.12)

Combining dominated convergence with (4.10), (4.11), (4.12), (4.4), (4.8), (4.9), and the
proof of Lemma 4.2 with r := 1 - 1/k and g = k, we find that

/ O (dy) AdE — O (dy) A dé.

ax(0,00) ! MX(0,00)

Step 5. Density of WY, F) in WIVRK (i, F).
By Theorems 3.1 and 3.2, we have

1-1/k,k _ _  wl-Vkk

WSV 7y = Ty C WAL F) c WK, ),

which complete Step 5. m|



4.2 Existence and uniqueness of W* lifting

In this section, we assume that m: & — ./ is a Riemannian covering map, where
& is still complete Riemannian manifold, embedded into v via a tubed embedding.
Meanwhile, ./ is still a simply-connected, compact k-dimensional Lipschitz manifold.
We first recall the “non-intersection” between two liftings, which is a counterpart of
Lemma 2.8 in the Sobolev setting.

Lemma 4.3. Let 0 < s < land sp > 1. If ¢, ¢’ € WSP(M; &) are two liftings of f €
WSP(M; W), then either (i) @ = @’ a.e. or (i) ¢ # ¢’ a.e.

Remark 4.4. When / is smooth, Lemma 4.3 has been proved by Mironescu and Van
Schaftingen [30, Proposition 4.1]. o

Proof of Lemma 4.3. Let

) t
g(t) = mll’l{Inj(—/V),l}.

Define h(x) := g o distg (p(x), ¢’(x)). Since

|h(x) = h(y)| < IgLip(distg (p(x), p(y)) + distg (¢’ (x), ¢’"(v))),

ifp,p’ € WSP(M; &), thenh € WP (M ;R). On the other hand, combining the definition
of h and Lemma 2.7, we have h(x) € {0,1} for Vx € /. Set

A={xe:h(x)=1}.

Using the fact that h € W (.4; R), one has

[ [ it warte) <. (413)
a\A Ja |x =y P

If A satisfies (4.13), then we have either #*(A) = 0, or Z*( \ A) = 0. (See [8,
Appendix B]. There, A is a subset of a connected domain, but the argument applies to
a Lipschitz manifold.) This concludes the proof. |

We can prove the existence and uniqueness up to deck transformation of the lifting,
which is a consequence of Lemmas 4.3 and 2.7.

Theorem 4.5. Assume that k > 3, that the covering map t: & — N is normal, and that & is
compact. Let f € WP(Ml; V), withO <s < 1and p > 1. Then,

(i) if sp = k — 1, there exists a lifting @ € WP (M;&) of f suchthat mo @ = f;

84



(if) if sp > 1, the lifting ¢, if it exists, is unique up to a deck transformation.

Remark 4.6. In Theorem 4.5 above, the existence part (i) is restricted to sp > k —1 because
our argument relies on the density of the class %, which so far is limited tosp > k-1 in
the context of mappings defined on Lipschitz manifolds. However, analogously to the
situation of mappings defined on smooth domains, we expect (i) to remain valid in the
larger range sp > 2. ]

Proof. For the existence of the lifting, we start with maps in the dense class % (see
Section 3). Let f € % be such that f € CO(4 \ S(f); #), where S(f) is a finite set.
Since k > 3, the set ./ \ S(f) is simply-connected, whence f | a\S() has a continuous
lifting € CO(4 \ S(f); &).

Next we use the chart structure introduced in Section 2.1. Consider B,(x) C . such
that B4\/EK2r(x) C U; for some i € I. Then f o ; € WP(V;; /) and is continuous in
Vi \ Si(f), where &i(f) is a union of finitely many points in V;. Since k > 3, the set
Vi \ 8(f) is simply-connected. Hence, by [30, Lemma 3.4], the continuous lifting ¢ o 1;
is well defined in Q\/Er(gbi‘l(x)) and satisfies

diam(%)
P "blwwgﬁw ) (Inj(./V)) fe ¢|WS”(Q@(¢ S

which implies that

diam(&)
|(P|wsn(3 (x)) S ( Inj(/) ) |f|WSP(Bsxzr(x))

Consider, for sufficiently small r, a cover (B,(x;))jej of 4. By [30, Lemma 3.5] (the
argument there applies to Lipschitz manifolds) we have

diam(¥&)
(Physria) S Z( Tj(7) ) s By a0

diam(%)
S ( Inj() ) lles”(/%)

(4.14)

For a general f € W*P(.; /'), consider a sequence (f;) C %o such that f; — f in
WeP(M; V). By (4.14) and the fact that & is compact, we obtain a sequence of liftings
@¢ of fg such that (¢¢), is bounded in WP (. ; &). Then, possibly up to a subsequence,
we have ¢; — ¢ in WP (M ;&) for some ¢ such that 7 o ¢ = f, which concludes the
proof of existence.

We now turn to (ii). We first notice that, by definition, if T € Aut(n) is a deck
transformation, then 7 o ¢ is another lifting of f.
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Next, assume that ¢’ is another lifting of f. Since ¢ and ¢’ belong to W** (. ; &), for
a.e. x € M, we have

A7 (y) < co. (4.15)

/ dist (p(x), p(y)) + dists (¢’ (x), ¢’ (y))
Vi v — ylk+sr

Let xo € . be such that (4.15) holds with x = xg. Let T € Aut(n) be the deck transfor-
mation such that 7 o ¢(x9) = ¢’(x0). Then by Lemma 4.3, it suffices to find a set A ¢ /4
with positive measure such that 7 o ¢(y) = ¢’(y) for all y € A. For this purpose, define

Ay = {y € B,(xo): diste (¢(x0), p(v)) < Inj(,#)/2},

and

Ay = {y € Br(xo): dists (¢ (x0), ¢'(y)) < Inj(#)/2}.
We rely on the following lemma (which, as it does not make use of the vector space
structure on W*?, is valid in the larger range p > 0).

Lemma 4.7. Assume that 0 <s < 1landp > 0. Let ¢ € W¥P(M; &), and let 0 < ¢ < 1 and
M > 0. Then, for every xg such that

/ distg (¢(x0), ()
M

gl dz*(y) < e, (4.16)

there exists R such that the set
Ay = {y € B,(xo): distz (p(x0), p(y)) < M}
satisfies
FH*(A,) > ca*(Br(x0)), VO <r <R. (4.17)

Proof of Lemma 4.7. We argue by contradiction. Let xo € ./ satisfy (4.16). For such xo, if
(4.17) fails, one has

/ diste (9(x0), P 4ok / dists (plxo), P o0
M

|xg — ylk+sp B, (xo)\A, |xg — ylk+sp

MP
> (1—c)er,Vr >0,

which contradicts (4.16). O
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We continue the proof of Theorem 4.5. Applying Lemma 4.7 to both ¢ and ¢’ with
¢ =2/3and M = Inj(#)/2, we have #*(A, N A,)/%*(B,(x0)) > 0 for some r > 0. Then,
forVye A, NA;,

distg (T 0 ¢(y), ¢’ (y)) < distz (T 0 p(y), T © p(x0)) + distg (¢’ (x0), ¢’ (y))
= distg ((y), p(x0)) + distg (¢’ (x0), ¢"(v)) < Inj(¥).

By Lemma 2.7, we have

distg (7 0 @(y), ¢’ (y)) = disty (Mo 70 @(y), 0 ¢’ (y))
= disty (m o @(y), 7o ¢’ (y))
= disty (f(y), f(y)) =0.

This implies that both liftings 7 o ¢ and ¢’ coincide in a subset of .# with positive
measure and thus, by Lemma 4.3, coincide in ./ a.e. O

4.3 A selection result

The objective of this section is to prove that, under a normality assumption, whenever
we are given a converging sequence of Sobolev maps into the base space, we can pick
the liftings in such a way that they converge towards a lifting of the limiting map. This
is a Sobolev counterpart of Theorem 2.12 for VMO liftings. Our main selection result
reads as follows.

Theorem 4.8. Assume that k > 3, that the covering map t: & — N is normal, and that & is
compact. Let0 < s < landsp > k—1. Then, for every sequence of maps fy € W (M; V') such
that fp — f in WSP(M; W), there exists a sequence of corresponding liftings o, € WP (M ; &)
such that oy — @ in WSP(M;&). Moreover, the conclusion still holds in the case where
0 <s < landsp > 1, provided that each f; admits a lifting in WP (M ;).

Before proving Theorem 4.8, we first look at the case where . = (0, 1).

Theorem 4.9. Let 0 < s < 1 and sp > 2. Assume that fy — f in W?((0,1)%; #). Then,
there exists a sequence of liftings (¢¢) in W*?((0,1)%; &) such that

@0 — @ in WP((0,1)5%),

where @ is a lifting of f. Moreover, the conclusion still holds in the case where 0 < s < 1 and
sp > 1, provided that each f, admits a lifting in W**((0,1)%; &).

A crucial ingredient in our proof is the one from [30, Section 3.1], with at its core a
reverse oscillation inequality. However, we need to slightly adapt it to the context of a
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sequence of lifting, notably to be able to obtain uniform bounds along the statements and
invoke dominated convergence arguments.

Proof. To start with, let us fix ¢, a W*7 lifting of f;. When1 < sp < 2, thisis provided by
our assumption, while when sp > 2, the existence of such a lifting is always guaranteed
by [30, Theorem 1].

Forj=1,...,k % = (x1,...,%j-1,Xjs1,..., %) € (0, 1)1 and g a measurable map
defined on (0, 1), we define

ga?](t) = g(xll"' rxj—lzt/ xj+1/"' /xk)/Vt € (OI ]-)

With this definition, for a.e. £; € (0, 1)1, we have fz; € W¥((0,1); /). Combining the
seminorm equivalence (see, e.g., [1, Lemma 7.44])

k
|g|wsp((01)k Z/
=1 7

0 1)k—1|g£flsvs"’((0r1)) d#;,Vg: (0,1 > R’ (4.18)

with the convergence f; — f in W*7((0, 1)%; #), we deduce that for every1 <j<k,

y — A dz; =0.
P (0,1)k—1|(f ¢ f)x’|ws'p((0’l)) E

Hence, the converse to the dominated convergence theorem implies that there exists a
map

G;: (0,1)x(0,1)x (0,1)' > R

such that, up to a subsequence,

I(fo)z;(a) = (fo)z, (b)) < Gj(a, b, %)), V0O <a<b<], (4.19)
and
Gij(a,b, x]) .
/ // P27 dadb | ds; < co. (4.20)
0,11 \M)2 la—Db['+p

We now provide a WS bound for @y via (4.20).
For a.e. X; € (0, 1)k fixed, since sp > 1, using Morrey’s embedding W*7((0,1)) —
COs=1/((0,1)), there exists a map h; € C%*~1/7((0,1)) (depending on %;) such that
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he = ((P@)f]- ae.and o hy = (fg),g], a.e. By Lemma 2.7, fora.e.0 <a < b <1, we have

dists ((pe)z;(a), (pe)z; (D)) = dists (he(a), he(D))
diam(&) (4.21)
< W 0SC[4,p)(7T © hp).
To control the right-hand side of (4.21), let 1/p < 0 <'s. Since op > 1, we have

1 1
05C[a,p1(10 0 T1g) S (b = )" 7|10 0 Bylwor(a,py) = (0 = @) 1(fo)z;lwor (a,0))- (4.22)

Combining (4.21), (4.22), and (4.19), we deduce that fora.e. 0 <a <b <1,

b Gj(t, v
[(@e)s;(a) = (po)g; (b)] s (b - a)"“ (/ / % dfdz (4-23)
= H]'(a,b,x]').

Then,

[Hi(a,b,x
/ (// il 1+])] da db) dg;
(0,1)k-1 ©172 la—Db[t+sr
Gi(t,z, %;
s / .//// L5 1+ )l 21 dtdzda db) d%;
(0,1)k1 O<a<t<z<b<l |z —t[1t9P |a — p|2+(s—o)p
Gi(t,z,x
s / // iz 1o _ #|l+op ]) // +da dbdz dt) dg;
o1 0,12 |Z - tl op —oo<a<t<z<b<oo |lZ - b| +(s—o)p
Gi(t, z, x])
S/ // — T dtdz|dz; < co.
(0,1)k1 01 |t —z|l*sP

Here, we have used (4.20) in the last inequality. Summing over j and combining with
the fact that & is compact, we deduce that (¢;) is a bounded sequence in W*7((0, 1)k; &).
Consequently, possibly up to a further subsequence, there exists a lifting ¢ of f such

(4.24)

that o, — @ (i) a.e. ; (ii) strongly in Z7?; (iii) weakly in W*7; (iv) for j =1,...,k,

lim |((Pe - (P)fjlpvvs,p((o/l)) df] = ‘/(’ lim |((P€ (P)ff|€vs’p((0,l)) df] (425)

{—c0 J(p,1)k-1 0,1)k-1 £—00

(this relies on the dominated convergence theorem and (4.24)).
Next, we notice that for a.e. £;, we have (i) ((P@)fj — @z, a.e; (ii) by repeating the



computation in (4.24) without the outer integral with respect to x;,

[Hi(a,b, x; 7’ Gi(a,b, x;
// LHj(a, b 5P // i@ %) b < o
012 la- Cla-ber 012 la— Ja—b|tr
Combining this with (4.23), (4.25), and the dominated convergence theorem, we deduce
that

: e P &
"h—’n"l" (o,1)k—1|(w (p)"/lws”’((O,l)) dx; =0. (4.26)

Summing (4.26) over j and using the seminorm equivalence (4.18) again, wehave o, — ¢
in Ws7((0,1)¥; &). Since the subsequence we chose satisfies p; — ¢ strongly in Z*, we
have ¢, — ¢ in W*?((0,1)k; ).

To conclude the proof, it suffices to make the whole sequence converge to ¢ in W*®7,
possibly after modifying the liftings via a deck transformation. For this purpose, we
first note that

sup min{||t o ¢; — @||gr: T € Aut(m)} < oo.
¢

(The minimum is achieved since Aut(r) is finite provided that & is compact.) Let 74 be
such that

lTe 0 e — @llgr = min {[|t o @; — @||zr}. (4.27)
TeAut(n)

We claim that 7, 0 @, — ¢ in W3P((0,1)F;&). We argue by contradiction. Repeating
the argument above, we can assume that there exists a subsequence 14, o g, — @’ with
@’ another lifting of f. Let 7 be the deck transformation provided by Theorem 4.5 (ii)
satisfying 7 o ¢” = ¢. Then, by (4.27), we have

e, © oy — @llzr < (T 0 T4) © Puy — Pllzv
=T o (tg 0 @g) —TO Q'|low
5 © Pl

S lItg 0 g = @'llzr — 0,

which means that ¢ = ¢’ a.e. We thus obtain a contradiction. This shows that (7, o @)
is the required sequence of liftings and concludes the proof. |

We are now in the position to prove Theorem 4.8.

Proof of Theorem 4.8. Consider the chart structure {(U;, V;, ¢’;)}ie1, and assume that V; is
a k-dimensional cube (0, 1)X.
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Let fy — finWSP(M; /). Oneach V;, since frop; — foi; in WSP((0,1)5; #), apply-
ing Theorem 4.9, we get a corresponding sequence of liftings @, — @' in W*#((0, 1)¥; &).
Define ¢’ = 51 o 1p1_1 in U;, and define go} similarly. Then, we have

@, — @' in WP (U;8), (4.28)

and goé, respectively ¢', is a lifting of f; = f[|ui, respectively fi = f |Ui'

Let Iy := card(I). Since ./ is connected, one can relabel {U;};c; as {ui}fgl in such a
way that (Ufﬁl Uj)) N Ugy41 # @for V1 < kg < Ip— 1. Let ¢, € W*P(M; &) be the lifting
of fy such that @y = (p}, in Uj.

First, using Theorem 4.5 (since the proof of uniqueness (ii) remains true when con-
sidering .# = (0,1)¥), on each U;, we have (P"|ui = ’l’é o (pé for some ’L'é € Aut(n). In
particular, from the convergence of the ¢, and the fact that deck transformations are
isometries, we deduce that (¢y) is bounded in W*? — the Z* bound follows, as usual,
from the compactness of &. Therefore, up to extraction of a subsequence, ¢, — ¢,
where ¢ € WP(/; &) is a lifting of f.

Now that we know that the limiting map f admits a lifting as well, we come back to
our main selection proof. Up to a deck transformation, we may assume that ¢ is the
lifting such that ¢ = ¢! in U;. Moreover, we can pick a deck transformation 7’ such
that (p|ui o @'. The key argument to conclude the proof is the following lemma, which
ensures that, when ¢ is sufficiently large, the deck transformation 7' that brings ¢’ onto
(P|u,~ also brings (pz; onto (W|ui‘ This allows us to conclude by applying (4.28) on every
U;, up to the action of 7'.

Lemma 4.10. For { sufficiently large, we have
Pely, =T o Py =100y Vi, (429)
which implies that
ioo oo _ P
o (p(|ulﬂuj - T] ° (Pf‘ulmu/ - (Pf|u]mu/ ’ Z_ful N u] * Q.

The proof of Lemma 4.10 is given below. Granted (4.29), we have, using again [30,
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Lemma 3.5],

lim|lpe ~ @llwsce) s im > llgr = pllwss

iel

< lim Z”T; o (PZ’ —1lo (Plnws,n(lli)
fme0 iel

< lim Z”’Ii o (p; - "[i o (Pi”WSfp(Uj) = O/
{—00

iel

where in the last equality, we have used the fact that 7! is smooth and an isometry. This
concludes the proof of Theorem 4.8. |

Proof of Lemma 4.10. First, we have gog|u1 =id O(p}. Assume now that (4.29) holds for
Vi < ip for some iy < Ij.

Since (Uf(’:1 U;) N Uj, # @, there exists some U; such that U; N Ujy4+1 has positive
measure. Let B C U; N Uj,+1 be an open simply-connected set. By the definition of Tz,
and 7', we have

10+1 io+1 _

o @™ =1, 0¢,inB,and 7" o p"*!

o™ = 7o goi in B. (4.30)

Combining (4.30) and the induction assumption, we can deduce that
/[dlstg (7! io+1 90;°+1, io+1 q010+1)]p da
B
< /B[distg (T;0+1 o (P:‘}o+1,,ci0+1 o 9*1) + disty (70 o @i*l, g0+l o g010+1)]p dx
< /B[distg (tho @b, T o @')]P dx + /[d1stg (p*t, ZOH)]’? dx
= /B[distg (t' o ), ' 0 @")]P dx + /[dlStg (™, 10”)]” dx
= /B[distg (@}, ")IP dx + /B[distg (po*t, l°+1)]” dx =0
as { — oo. Thus, for ¢ sufficiently large (depending on B), the set
{x € B:distg (T20+1 o (pzoﬂ, it o (pi,oﬂ) < Inj(#)}
has positive measure. By Lemma 2.7 and Lemma 4.3, this implies that
dists (T10+1 o (Pé0+1 io+1 o (szOH) -0

a.e. in U; 1. We then obtain (4.29) by induction. O
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4.4 Lifting and pullback of forms

As a direct consequence of Theorem 4.1 and Theorem 4.8, given a smooth closed
k-form @ on /' such that m*w = dy for some smooth (k — 1)-form y on &, and given
& € Lip(#), we can give a robust meaning of f u € [w via lifting. This is the content of

our next result.

Theorem 4.11. Let k > 3. Assume that the covering map m: & — N is normal and that
& is compact. Let w be a smooth closed k-form on & such that n*w = dy for some smooth
(k = 1)-form y on &, and let & € Lip(M). Then, the map

Lk( g. s *
WY S(l; V) > f //%Efa)

has a “natural” extension to W'=Y *(at; ), given by

/ﬂ cro=C0 S rwop)a,

teAut(mn)

where p € WI=VEK( ;&) is any lifting of f and N := card(Aut(r)). Moreover, this extension
is continuous with respect to WIVkk(a; ).

Proof of Theorem 4.11. We first check that the definition is well-posed, i.e., that it does
not depends on the choice of the lifting ¢ € WI=V/kk(z; &).

Let ¢1 € WI-Vkk( ;&) be another lifting of f. By Theorem 4.5, there exists 11 €
Aut(r) such that @1 = 71 o ¢. For any 7 € Aut(n), we have 7 o 71 € Aut(r). Moreover,
the map 7 — 7 o 77 is a bijection on Aut(r). Thus,

D, (Tog), &)= > (Txomop)é= > (T(rog)).

teAut(mn) teAut(mn) teAut(mn)

Next, we prove that the formula coincides with f n&fw when f € WYk(; ).
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Indeed, under the assumption that dy = *w, we have

(0 Y e =0t Y [ woprynde

TeAut(n) teAut(n)

CVDY / @ (ty) AdE

teAut(n)

/ £ 9" (T'(dy))

> [ ctopany [ e

It remains to prove the continuity of the extension. Let fy — f in WI=Vk (., ).
By Theorem 4.8, there exists a sequence of corresponding liftings such that ¢, — ¢
in WImVkk(;&). Then, for any T € Aut(nt), using (j) the converse to the dominated
convergence theorem, (jj) the fact that 7 is a global isometry of &, and (jjj) the dominated

TeAut(mn)

TeAut(n)

convergence theorem, we have 7 0 ¢y — 7 0 @ in W=Vkk(; &). Combining this with
Theorem 4.1, we have

gh_{?o(T(T o), &) =(T(to@),<),

which implies that the extension is continuous with respect to the WI-Vkk(a: 1)
convergence. O

Proposition 4.12. Under the same assumptions as in Theorem 4.11, if we further assume that
the (k — 1)-th de Rham cohomology class H\: (&) of & is trivial, then ¥V f € WVEK(at; 1),

//% & frw is independent of .

Proof. Assume that y1 and ) are two choices of a primitive of 7*w. Then, it follows from
dy1—dy2 = T*'w—n"w = 0that y1—); is closed. From the assumption that H gil (&) = {0},
we deduce that y1 — y» = dn for some (k — 2)-form 1. The conclusion then follows from
the fact that Ty, (7 o @) = 0 for every 7 € Aut(n) and ¢ € WI"Vkk(#;&). O

A Auxiliary results

This appendix is devoted to the proof of some technical lemmas that were used in the
proofs of our main density results in Section 3.

Proof of Lemma 3.4. We prove the lemma when 0 < s < 1; the case where s = 1 was
settled by Bethuel (see [4, Lemma 6]).
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Let
F:5(0,1)x(0,1/2) > &F, F(w,t) = f * pr(w),

and F := IT o F, with the convolution defined as in (3.65). The following are straight-
forward: (i) F is well-defined and %-valued (since f takes its values into Bs()); (ii) F,
Fe (W nC*®)(5(0,1) x (0,1/2)) (since f € Ws=1/r.p),

On the other hand, consider the map W: B1(0) \ B 2(0) — S(0,1) x(0,1/2) defined by

W(u) = (u/lul, 1 - ful).

Clearly, WV is bi-Lipschitz.
Let 0 < 1 < 1 be a smooth cut-off function in B1(0), with n(#) = 1 when |u| > 3/4 and
n(u) = 0 when |u| < 2/3. Define

g(u) = n(u)(F o W(u) — ) +1.

Clearly: (i) g € W*? N C*(B1(0); Bs(f)); (ii) f and g have the same trace on S(0, 1).
Therefore, the map G := f — g belongs to WOS P (B1(0); B2s(0)).
Forr <1/8, let

G(u), if lul <1-2r
Gr(u) = GQu+ 2r—Nu/lul), ifl1-2r<|u/<1-r.
0, ifl—r<ul<2

We have G, € Wg’p(Bl(O); Bys(0)) and G, — G in W57 asr — 0.

By convolution with a standard mollifying sequence, we obtain maps G, . = G, * p,
such that G, . € (W? N C°)(B1(0); B25(0)) and G, — G, as ¢ — 0.

Hence, the map h,, = ITo [G, + g] satisfies: (i) h; ¢ is in W*P(B1(0); B4s(f) N F);
(ii) hr . has the same trace as f on S(0,1); and (iii) &, , — f as ¢ = 0 and r — 0. This
concludes the proof of the lemma. m]

Proof of Lemma 3.7. Consider the homogeneous extension H( f) of f | s0.1) o B»(0). Since
sp =1 <k, wehave H(f) € WP(B2(0); B5(f)) (see, [12, Lemma 3]).

Let 0 < 1 < 1 be a smooth cut-off function in B1(0), with n(#) = 1 when |u| > 3/4 and
n(u) = 0 when |u| < 2/3. Define

g(u) = n()(H(f)u) =) +1, Yu € B1(0).

Clearly, we have g € W*?(B1(0); Bs(f)) N C(B1(0)).
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Let G := f — g. Denote Wgép(B1(O)) the set of maps i € W*”(B1(0)) such that the map

h(u), if u € B1(0)

h:RF S R, h(u) =
0, otherwise

is in WP (R¥).
Step 1. The map G belongs to WOS(;p (B1(0)).
For this purpose, we first prove that the map

f(u), if u € B1(0)

G: By(0) > F, G(u) := {
H(f)(u), otherwise

belongs to W*7(B,(0)). It suffices to check that

— 14
/ / | f (u) f(:fllvl)l dudo < co.
B2 0)\B1(0) JBy(0) |1 =]

By (3.124) and the fact that

|u —v/|v|| < |u —v| +dist(v, S(0,1)) < 2|u — |

when |u| <1 < |v|, we have

F () = f o/l
dud
*/32(0)\31(0) /Bl(O) |u — v|F+1 wao
f(w) = f(o/l)lP

- dud

) /32(0)\31(0) -/Bl(O) [u —v/[v]|k+1 wav
[f () = fl@)l” N
/(0 1) /31(0) lu — wl|k+ du dZ"™ (w) < co.

Therefore, the map G-H (f) belongs to W*¥(B5(0)). By the definition of G, we find
that G € Wi (B1(0)).

Step 2. Approximating G with CZ°(B1(0); B25(0)) maps.

By Step 1, we are in position to repeat the proof of Lemma 3.4. We omit the details.

Step 3. Proof of (3.125).
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We use the same notation as in the proof of Lemma 3.4. We note that

(1) — p
/ / | r,e(u) kf(”)' du d%k_l(a))
s0,1) JBi0)  |u— w|+F
G - G(u)lF
s/ / 1Cr,e0) - WP 4 4751 (w)
so,1) JBy0)  |u— [P

_ p
< / / |Gy,e(u) E’r(“)l du 471 ()
50,1) JBi0) U — w|+F

/ / G/ () = GUV 4, qopk-1() = T+ 11
50,1 JB:0)

|M _ |k+sp

We first estimate I. For ¢ < r/4, we have G, (u) = G,(u) =0when1-r/2 <|u| <1,
and thus, for fixed r,

~ 1’k+sp -/B 0 |Gr,£(u) - Gr(u)lp du — 0, as ¢ — 0.
1-r/2

We now turn to II. By the definition of G,, we have

n-[ 16, 0) =G 4 oier
s IBiONBLs @) |1 — wlFP

G
/ / NGV 4 45¢51(w) — 0,257 — 0,
5(0,1) I B1(0)\By_2,(0) |t — w[F*P

where we use the fact that G € Wosép (B1(0)) and Lebesgue’s lemma in the last line. O

Proof of Lemmas 3.5 and 3.6. For sufficiently small ¢, define

S * Pei—ju)(t/lul), if u € B1(0)

Ge: B1(0) > Sy, Ge(u) = ’
B1(0) — A5, Ge(u) {g(u); ifue€S(0,1)

with the convolution defined as in (3.65).
Step 1. It holds G, — H(g) in W5 (B1(0)).
We first note that, by change of variables,

|G H(g)lws p(Bl(O))

/ / / / ’“ k 1|K(w @, tkt)l di’d%k—l(d)) dt d%’k_l(a)),
5(0,1) 50,1) ltw — E@[F*er
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with
K(w,@,t,F) = (g * pea-n(@) = §)) = (§ * pe_p) (@) — g(@)).
Writing t = at with a € (0, 1), we obtain

= H(H e s, 09

/ / / / k— 1tk 1- —sp |K(a) CL) tka)| dﬂ d%k_l(d))dt d%k—l(a)),
5(0,1) 5(0,1) — a@|**sp

with
K(w,@,t,8) = g * per_n(@) = (@) = (§ * pe(1an)(@) — g(@)).
To estimate the right-hand side of (A.1), we decompose K = El + Ez, where

Ki(w,@,1) = g pea-n(@) — g(@) = (g * pe1-n(@) — g(@)),
Ko(@,t,a) = g% pe(1-1)(@) = § * Pe(i=ar)(®D).

By [12, (12)—(14)], we have

/ / / w1 [Kilw, “kt)l da 47" (&) 4" (o)
50,1) J5(0,1) lw — ad|*+P

S ||g *Pe(1-t) — g”WS,p(S(Oll))’

(A1)

(A.2)

Using (A.2), dominated convergence theorem, and the fact that (see Lemma B.1)

g * pe-nllwsr(s©,1)) S ||g||€vs,p(5(o,1))

and
8 *Pe(1-t) ™ & in W&P(S(OI 1))/ as ¢ — 0,

we have

/ / / / ot peetoop (10,0, OF DR 40 a5t (@) dt 47 (@)
S(0,1) 5(0,1) lw — ad[*sP

S /0 tk—l—SP“g * pé‘(l—t) - g”z\/s,p(s(orl)) dt - 0/ as e — 0.
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We next estimate the contribution of Kz. For this purpose, we first note that

1 1 1
— _d7" Y w) < = : :
/5(0,1) w—aar S g g T G g (A4

Therefore, (A.4) implies that

[ [
5(0,1) lw — ad|*+sP

(A.5)
</ 1118 * Pe-n)(@) — § * pei- at)(a))lp
~ 0 (1_a)1+sp

Denote Er(u) the geodesic ball with radius 7 centered at u# on S(0,1). Using (A.5) and a
similar calculation as in the proof of Lemma B.2 (with the notation as in Appendix B),
we have

14
/ / / 1 [Ka(@, f)l da dor* "\ (w) A7 (&)
5(0,1) J5(0,1) |w — ad|**sp

W’ _ _ np
S/ / / 251 |g o RV o p(et(l —a)u) — g(w’)] du da d%k_l(a)/)
5(0,1) B1(0)

( _ )1+sp

k 1 \|p
/ / / I8(@) = g(@)I" gk(“’ W 495 (@) da d7* (@)
$(0,1) Ber(1-a)(@) sf (1 —a)ssr

_ k-1 _ np
< / / / ( b ) g(@) kg(w W 4b a1 () dz* (@)
$00,1) J50,1) Jlwr—wl/(ey \ E€E brrsp

/ / b 'g( )_f(j” W 4541 () dge* 1w,
5(0,1) (01) vl trep

Therefore, we have

p
/ / / / ot ietsp [K2(@, k”)| da d7* (@) dt A7 (w)
5(00,1) 5(0,1) lw — a@|<+sp

5/0 tk=Tgsp |g|wsp(5(01))dt—>0,ass—>0.

(A.6)

Consequently, we obtain

1Ge = H(S)ys(s, 0 = O

as ¢ — 0via (A.1), (A.3), and (A.6).
Step 2. Proof of (3.123).
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As in the previous step, we find that

H(g)(1) - Ge(w)l’
/ / |H(g)(u) k (u)] du " ()
s01) JBi0) U — |t

H(g)) - Gl
S/Bl@ TR

i’k 1 |g(a)) 8 * Pe(1- t)(a))| %k—l(w) dt
50,1) 1 _ t)1+sp

)-8 i
/ /(01)/41 f)(w)( ) (1- t)k+sp d7Z"(0)dx" (w)dt

k-1 .
La) BOZSOF gy amr () ar
5(0,1) J5(0,1) Jjw-al/e \ € ak+sp

—0,ase — 0,

N

2/\

e |g|wsv(5(o 1)
whence (3.123). This concludes the proof. O

Proof of Corollary 3.3. Assume that m;_1(%) =~ {0}. It suffices to repeat the proof of
Theorems 3.1 and 3.2, and add the following extra lemma after Step 6.

Lemma A.1. Let 0 <s <land 1 < sp < k. Assume that y_1(F) ~ {0}. Consider a map
g € Lip(5(0,1); &), and let H(g) be the homogeneous extension of g. Then, for every a > 0,
there exists § € Lip(B1(0); &) such that: (i) § = g on S(0, 1); and (ii) we have

IH(g) — gllws»B,(0) < a.

The proof of Lemma A.1 is given below.

Conversely, assuming that Lip(.#; %) is dense in W* (. ; ¥ ), it suffices to prove that,
for any map g € C¥(5(0,1); %), there exists a map g € C*(B1(0); F) such that g = g on
5(0,1). We divide the proof into two steps.

Step 1. Any 7 € WSP(B1(0); ) satisfying 7 = Cy in B1(0) \ K for some compact K c B1(0)
and 7 € F can be approximated with maps in C*(B1(0); ).

Indeed, let 2r < ry with g as in (2.2), define (using the same notation as in Section 3)

Fidl - F, ()= {f(%l(x»' e no,

cf, otherwise

Clearly, f € W*P(u;F) and by assumption, it can be approximated with maps in
Lip(#; F). We conclude this step by restricting the approximating maps in 1;(B2,(0))
and using a standard mollifying procedure.
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Step 2. Construction of f via g.

Consider the following two subsets of Bé“l(O) X (-3,3):
Dy = BX(2¢) U{(u,t) € BE1(0) x (=3,3): t > [u] + 1}
and
Dy = Bf(~2ex) |_J{(u,t) € BE(0) x (=3,3):t < —Ju| - 1},
where ey is the k-vector of the canonical basis of R¥. Define

g((u, t =2)/|(u, t = 2))), if (u,t) € B1(2ex)

g(W1—=(t —=2)2(u/|ul),t —2), otherwise

g1:D1—> F,gu,t) = {

and

8((u,2-1)/|(u,t = 2))), if (u,t) € B1(—2ex)

(W1 =(t=2)>(u/lul),2-t), otherwise

For every u € By(0), define t; = t;(u) = min{t:(u,t) € D1} and t, = t(u) =
max{t: (u,t) € Dy}. By definition of g, and g,, we have g,(u, t) = g,(u, t2). Therefore,

S Dy = F,gu,t) = {

we obtain a map g by letting

gl(ur t)/ lf (1/[, t) € Dl
E(M, t) = gZ(urt)/ if (1/[, t) S D2 .

g(u,t1) = g,(u, t2), otherwise

Clearly, the map g we construct belongs to W*7(B2(0) x (-3, 3); #) and Lip, .(B2(0) X
(=3,3) \ {2ex, —2ex}; F) and is constant on the boundary:.

This construction is reminiscent of the celebrated dipole construction. More specifically,
here, we construct a dipole by gluing together two homogeneous extensions face to face,
a filling in the rest of a rectangle containing them in a compatible way, in such a way that
the map is constant on the boundary of the rectangle. An illustration can be found on
Figure 1 below. All black lines are level lines of the function we construct. We start with
the map g on both gray circles (the copy of ¢ on the circle below is a reflected version of
the copy on the circle above). It is then extended radially in both balls enclosed in the
circles, with the cost of having a discontinuity at both centers. This way, on any smaller
circle centered around one of those two points, the map we construct is a scaled copy of
g (or of its reflection). On the rest of the gray triangles, it is then extended propagating
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horizontally the values from the circles. Finally, the rest of the rectangle is filled in by a
vertical extension from the boundary of the region that was yet to be filled in. On the
boundary of the rectangle, the map we have constructed takes the value that is taken by
g at the north pole.

[,
\

Figure 1: Dipole construction for a topological obstruction

By a scaling and constant extension argument, we obtain a map f € W57 that sat-
isfies the assumptions of the previous step. By Step 1, f can be approximated with
smooth maps, which implies, by the construction of g1 in B1(2ey) and a standard slicing
argument, that g is nullhomotopic. |

Proof of Lemma A.1. We prove the case where 0 < s < 1, the case where s = 1 can be
treated similarly.
Since Tx—1(F) = {0}, there exists a map h € Lip(B1(0); ) such that h = g on S(0, 1).
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Let

H(g)(u), ifr<|ul<1

8, Bi(0) = 7,8, (u) = {E(u/r), if lul <7

We now estimate |[H(g) — g,lws». We first note that

= P P - P
H(8) = &l 0 = TH s, 0 + 18 hwor s, 0

\H(g)(u) — h(u/r)lP (A7)
+/Br(0) dist (1, 50, )7

By changing variables, the first two of the last three terms in (A.7) convergetoOasr — 0.
For the last term, we have

[ H(g)w) ~ /0P i lgCu/lu) = R(u/rV
B,(0) B,(0)

[dist (1, S(0, 7))]5" [7 = |ul]*P
ks 1g(@/Io]) = h(@)|
sr /31(0) T

< rkosp / [1-10]]*P dv — 0
B1(0)

as r — 0, where the hidden constant in the last inequality depends on g and /. This
implies that [H(g) — g, lws» — 0.

Using a similar argument, we obtain H(g) — g, in Z*, and thus in W%F. The
conclusion follows by taking r sufficiently small, depending on g itself. O

B Mollifiers and maps on the sphere

In this section, we let k > 2 and 0 < s < 1. Occasionally, we assume that sp > k — 1.
Consider a map h € W7 (5(0,1); %), with 5(0, 1) being the (k — 1)-dimensional sphere
embedded into R¥. Our goal is to define a suitable convolution procedure, adapted to
the setting of mappings defined on the sphere. This raises some challenges compared to
the flat setting of mappings on a Euclidean space, but we are nevertheless able to take
profit of the symmetry of the geometry of the sphere.

To start with, let O be the north pole of the sphere. Denote B,(w) the geodesic ball
centered at @ and of radius r on S(0, 1). Let p be a radial mollifier in R*~! with support
in Bl(O)

Let 1: B1(0) — B (0) be a parametrization of B (0) such that: (i) ¢ is a diffeomor-
phism; (ii) dist (¢(u), 0) = |u| for any u € By(0); (iii) for any rotation R of R¥ around
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the axis Oxx, we have R o i(u) = (R(u,0)); and (iv) ¢ maps any segment [0, x), for
x € dB1(0), onto a great circle (which will therefore be a longitude).

For w € S(0,1), let R be any rotation of R* around the origin that sends 0 to w.
Define, for0 < t <1,

hi(w) = h+* pr(w) = / hoR“oty(u)ps(u)du, VO <t <1.

B1(0

Clearly, the map h; does not depend on the choice of the rotation R“, thanks to the
properties of ¢ and the fact that p is radial .
In what follows, the constants in “<” do not depend on ¢.

Lemma B.1. For k > 2and 0 < s < 1, there exists 0 < to < 1 sufficiently small, depending
only on k, such that we have

|rtlwseso,1)) S [hlwspso)), YO <t <tg
and
hy — hin W*P(5(0,1)) as t — 0.

Proof. We consider only the case where 0 < s < 1; the case where s = 1 is similar.
To estimate the W57 seminorm, we start with the case where dist (w, w’) < 1/4. Let
R be the (unique) rotation of R¥ around the (k — 2)-plane orthogonal to the plane
Owaw’ that sends w to @’ via the (minimizing) geodesic between the two points. For any
w1 € 5(0,1), it holds

dist (w, w’) = dist (w, RY (w)) = dist (w1, R (w1)).

(This is readily seen on a picture. We omit the analytic proof.) We also, in the course of
this proof, make a canonical choice for the rotation R”. More specifically, if ©" denotes
the south pole of the sphere and w € S(0,1) \ 51(@’), we let R¥ = Rg. Given w, we set
R := RY o R®. Let us observe importantly that

®: (5(0,1) \ B1(6")) x (5(0,1) \ B1(0")) x S(0,1) — S(0,1) x S(0, 1),

(@, @, wo) = (R®(wp), RE R (w))

is a smooth map, with (-, -, 0) = id(S(o,l)\E (@'))x(S(g,l)\El )" Therefore, there exists 1 >
0, depending only on k, such that, for every wg € B, (0), O(:, -, wo) is a diffeomorphism
onto its image, with Jacobian bounded from below by a constant independent of wg €
By, (0). (This relies on the fact that embeddings are an open set in the C! topology,
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see [25, Theorem 1.4, Section 2.1], and on the fact that the Jacobian is continuous with
respect to the C! topology.)
We write

hi(w’) = / hoRY o y(u)ps(u)du = / hoRY o R o tp(u)ps(u) du.
B1(0) B1(0)

This implies that, choosing tg < 71,

h — h()P
/ /~ Pl @) = WD 4541 ') a1 o)
S0,\B1(0") By u(w) @ — '[P
h R“’ - h Rw’ p
S/ f f |h o R o i(u) ;Zr o P(u)l du d* 1 (o') 475 (o)
5(0,1)\B1(0’) ¢ By4(w) J B1(0) lw — w’|*FsP
hoR —hoRY p
Sf / ﬁ | o~ Ol,b(u) ,o olf(u)| d%k_l(a)’) d%’k_l(a)) du
Bi0) J50,0\B10) JBate) IR 0 (1) = RY o ()|

h h(@")P
f / / sl Efu W 47513y a1 (@) du < ehyer s,
Bi0) Jso) JEi@) @ — @'k

In the last line, we have changed variables as

(@,@) =Ow, o', P(u)) = (RP(w)), RY o R (Y(u))),

taking profit of the fact that © is a diffeomorphism with lower bounded Jacobian
with respect to its two first variables for the choice of (1) as its last variable, since
Y(u) € By, (0) for u € B;(0) with t <ty < 11.

Meanwhile, if R is any fixed rotation sending O to 0’, and if I:{“’ is a choice of rotation
sending 0’ to w, then we also have

he(w) = /B ) hoR® o R o(u)py(u)du.

Repeating the above argument, swapping the roles of the north and south poles, as
Roy(u) € By, (0") for u € B;(0), we arrive at

h — hi(w’
/ /~ |ht(w) ,;{(er )P d* (') dx N (w) < |h|wsv(5(o "
SO,\B1(0) JByju(w) | — @/[*F5F

On the other hand, when dist (w, @’) > 1/4, using Poincaré’s inequality, we have (with
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€= fS(O,l) h

/ / |ht(6‘) ) ht(a))| d%k_l(a)’) d%’k_l(a))
5(0,1) /S(0 1)\31/4(w)

a) _ a)|k+57’

< / (@) — o A7 (@)
5(0,1)

< / f |hoR? o p(u) - clf du A7z " (w)
5(0,1) J B,(0)

< / f~ (@) - clP dZ* (@) dZ (w)
5(0,1) ¢ Bi(w)

< |h(a))—c|p d%k l(a)) < |h| s,
/s}o,1) WsP(5(0,1))°
Therefore, we have

|relwsres,1)) S 1helwsp(so,1))-

A similar calculation implies that

Wl (s0,1)) < el (sco,1))-

We now turn to the approximation property of our mollification procedure. Due to
the nonlinear setting in which we work, it does not seem straightforward to adapt the
usual (simple) argument for mollifiers on a Euclidean space. Instead, we rely on an
indirect argument.

We start with the following two classical observations: (i) Lip(S(0,1)) is dense in
W?*P(5(0,1)) (this can be shown by reducing to a linear setting via a partition of unity);
and (ii) given the linear estimate we just proved for our mollification construction, it
suffices to prove the approximation property on a dense class. Gathering both these
observations, we can assume from now that /1 € Lip(.).

Let us first notice that, if dist (w, w’) < 1/4, then dist (Rﬁj'(a)o), wp) < dist(w, ') for
every wo € S(0,1). Therefore, choosing any rotation R“ for w and choosing jo’ o R¥ for
w’, we obtain

he(@”) = he(w)| < f |ho RS o R o (u) = i o R o ¢p(u)| du < dist (w, w’),

B;(0)

where the hidden constant depends on the Lipschitz constant of . The same obviously
remains true for points that are further apart, invoking a finite covering argument. This
shows that our mollifying procedure does not increase the Lipschitz seminorm, up to a
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constant factor.
Meanwhile, we clearly have h; — h uniformly on S(0,1) as t — 0.
We now fix € > 0, and define the set

Aer = {(w, @) € 5(0,1)xS5(0,1): |1 (w’) = h(w )P +|hi(w) = (@) > elw — o'[F+P}.

We let

_ (@) = hi(w) = k() + h(@)I?
lw’ — Cl)|k+sp ’

Hw,o’) :

On A, t, we use the estimate

[ht(@") — (@) (@) — h(@)PP

<l —w (1-s)p—k
lw’ — w|k+sp lw’ — a)|k+sp | | /

I(w,w’) <

and on (5(0,1) x S(0,1)) \ A¢+, we use the estimate

o (@) = h@)P 1) = K@)l

Hw,w’
( / ) ~ |a)’ _ w|k+sp |a)’ _ a)lk+sp

Therefore, we obtain

p . 1-s)p—k
|ht - thS’p(S(O,l)) S e+ '[/A |a)’ _ a)l( s)p .
et

As hy — h uniformly when t — 0, we have |A. ;| — 0 for every fixed ¢ > 0. Hence, by
virtue of Lebesgue’s lemma,

P < e

limsup |h; — h|ws,p(s(o,1)) ~

t—0

Since ¢ > 0 was arbitrary, we conclude that iy — h in W*?(5(0,1)) as t — 0 — the
ZP convergence is directly implied by the uniform convergence. This concludes the
proof. m|

Next, provided that the projection below makes sense, we define
F:5(0,1)x(0,tg)) » %, F(w,t) := 1o hy(w).

We now study the oscillation of F(-, t), which plays a crucial role in Sections 3.3-3.5.
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Using Poincaré’s inequality, we have (with ¢ == f 500.1) h)

|he(w) = ()]
pS / |hoRY op(u)—ho R o Y(u)|ps(u)du
B1(0)
1/p / W
h o w [e] - p d h o @ ° _ %
S (th(O)| R o y(u) - c| u) + (ﬁt(o)l RY o p(u) - clf du

1/p
1 N k=1, ~ —(k-1
< (tk_—l /5(01 |h(&) - c|f d# (w)) < VP wens0,1))-
1)

The third property is the following estimate of the distance between h; and %. For
w € 5(0,1), using the fact that ./JRk—l pt = 1 and a calculation similar to (B.1) (with
c = th(O) h o R¥ o ¢), we have

dist (ht(w), F)

e k=1, ~
sfgr(w)mt(w) h(@) A (@)

< f f Ih o RY o (1) — h o R 0 (o)) du do (B:2)
B:(0) / B+(0)

1/p
< ( f lho R oyp(u)—clPdu| < 5= VP |kl
B(0)

As a consequence, if we further assume that sp > k — 1, then there exists a sufficiently
small tp (depending on /), such that F is well-defined.
The last property is the estimate of |Flwsr(s(0,1)x(0,t);%)-

Lemma B.2. Assume that sp > k — 1. We have

1
IFlwsr(5(0,1)%(0,t0);%) S l‘o/plhlwsrr)(sm,n;g)- (B.3)

Proof. We consider only the case where 0 < s < 1. We first note the following slicing
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formula, which relies on Tonelli’s theorem:

|F|Wq P(5(0,1)x(0,t0))

fo to _ r NP
< / / / / |F(a),t) P(a) /tk)_l— dt/ d%k—l(w/) dt d%k_l(a))
5(0,1) 5(0,1) [l — | + [t = t[]F+sP
/fo ( / / /fO Fla, )~ Fw', )P d%k_l(a)')d%k_l(a))) a
50,1) Js(0,1) [lw — @’| + |t — t’|]F*sP
fo |F(w,t) - F(w,t")|P
+ . ’ dxz* Y w')dt’ dt) d7z* Y (w)
./5(0,1) (/0 /o /5(0,1) [lw — @’ + |t = t[]F+sP
fo Flw,t")-F(o’,t")P 1, _ ,
s/ (/ / | (l ) ,k(_1+sp )l d%k 1(0) )d%k 1(0))) dr
50,1 Js0,1) o — ']

/ /“ /“’ F@,5) = F@ W 40 g1 o
$(0,1) t _ t/|1+sp

’ P k-1
|F( t )|Ws 2(5(0,1)) dt’ + /S‘(O 1)|F(w/ .)|W5'7”((0,t0)) d# (w)

In view of Lemma B.1, in order to conclude the proof, it suffices to control the last
term in the above formula by f0|h|€vs,p(5 (0,1 For this purpose, we first note that, when
w € 5(0,1), we have

|y (@) = he(w)|

/ hoR®o Y(u)pp(u) du —/ hoR®o Y(u)ps(u)du
B+ (0) B:(0)

/ hoRY o(t'v)p(v)do — / h o RY o (tv)p(v) do
B1(0) B41(0)
< / |h oR?op(t'v)—hoR® o ¢(tv)| do.
B1(0)
We now observe that

Yo g(t'o) = Ry Y7 0 RY 0 (' — t)o) (B.4)

for every v € B1(0) and 0 < t < t’ < 1. Indeed, all the points (sv) for 0 < s < 1 are
aligned along a common great circle by assumption on 1. Therefore, since rotations
preserve great circles, they are mapped into another great circle by R®, that passes
through @ since 6 = 1(0) is mapped to @ by R”. Now, the point R% o Y((t' - t)v)
is a point which lies along this great circle at distance (¢ — t)|v| from w, as rotations
preserve geodesic distances and 1((t" — t)v) lies at distance (¢’ — t)|v| from 0. Again by
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construction, the rotation Ri ey (r) preserves this great circle, and moves points on it by

a distance dist (w, R” o (tv)) = t|v| away from w. Therefore, Rﬁ%w(tv) oR%o Y((t'—t)v)
is the point on this great circle at distance (¢ — t)|v| + t|v| = t’|v| away from w. But
this point is nothing else that R” o 1(t'v), by virtue of the exact same reasoning as for
R o i((t' — t)v), which concludes the proof of (B.4).

Using: (j) observation (B.4); (jj) the change of variables @ = R‘“ogb(tv) , which has lower
bounded Jacobian (arguing as in the proof of Lemma B.1), and letting R = R% o R¥;
(jjj) the fact that the quantity in the third line below is independent of the special choice
of R?; and (jjjj) Tonelli’s theorem, we obtain

/ / to / ) bl 4y 44 4z
5(0,1)\B1(6) |t — t7]1+sp

/ /// |h o R 0 (t'v) = o R® o yp(t0)|P
B (0) 5(0,1\B1(0) |t — t/[t*sp

x d#* Y (w)dt’ dt dv

fo o hoR% t' =)o) — h(@)
[ [ BRI
B1(0) 5(0,1) tr|i+sp

ho RO — (@)
< / / / / o Ol’b(”k) @O 4 dr dt d* (&)
sonJo  Jo o JIBup0) |t — t7|<+sp

ho R @)
< to / / o RY o pw) = W@W 4 qgri1 ()
50,) /51,0

|u|k—1+sp

|h(a)) h(@)P k-1 k=1¢~ p
< to d7z* N w)dFx" (@) < tolhl’, . )
/(o 1) ./Bt @) lw— a)lk 4sp (@) (@) < tolhl, #(5(0,1))

(The change from R? to R? is required as otherwise there would still be a dependency
in @ via R?.) The part S(0,1) \ Bl(@ ) can be estimated similarly, as in the proof of
Lemma B.1. Thus, we obtain the desired estimate (B.3). O
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