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Weak p-harmonic maps

Let ./ be a closed Riemannian manifold. For n € N, a (weak) n-harmonic map $"” — /' is

Equ) = /S VP

They are solutions to the corresponding Euler-Lagrange equation

a critical point of

—div([Vu|"2Vu) = |Vu|"2A(u)[Vu, Vu],

where A is the second fundamental form of /.
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How to find n-harmonic maps?

Idea: Solve

min  Ep(u).
ueW (S
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How to find n-harmonic maps?

Idea: Solve

min  Ep(u).
ueW (S

Issue: The problem is trivial, minimisers are constants.
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How to find n-harmonic maps?

Idea: Solve

min  Ep(u).
ueW (S

Issue: The problem is trivial, minimisers are constants.
New idea: Fix a € m,(/), and solve

min  Ep(u).
ueWn(87:.)
uea

Note: homotopy classes are well defined because n > n. (See Brezis and Nirenberg (1995).)

Antoine Detaille (ETH Ziirich) Existence of infinitely many harmonic maps The 3rd of September 2026 3/14



BN
Model case: Mappings S” — §"

For d ¢ Z., solve
min  Ep(u).
ueW'n(8n:8")
degu=d

Idea: Apply the direct method of the calculus of variations.
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|
Model case: Mappings S” — §"

For d ¢ Z., solve
min  Ej(u).
ueW'n(8n:8")
degu=d

Idea: Apply the direct method of the calculus of variations.

Problem: The degree is not stable under weak convergence (bubbling occurs).
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Some old results

There exists a minimising harmonic map $2 — $2 of degree d for every d € Z.
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Some old results

There exists a minimising harmonic map §2 — §2 of degree d for every d € Z.

If n > 3, there exists a minimising n-harmonic map $§” — 3" of degree d if and only if
de{-1,0,1}.
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Some old results

There exists a minimising harmonic map §2 — §2 of degree d for every d € Z.

If n > 3, there exists a minimising n-harmonic map $§” — 3" of degree d if and only if
de{-1,0,1}.

Reason: Harmonic maps 3”7 — $” have to be conformal, Liouville’s theorem (see Lemaire
(1975), Xu and Yang (1993)).
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A tool to produce minimisers: The energy identity

We denote &) = inf En(u).
ueWn(8;.1)
uea
Theorem

Assume that /" is simply connected, and let o € 71,(8”). There exist ay, ..., an € y(AH)

such that
Qa=a1+--+an;

n _—_ n n .
Q@ &r=8& +-+E,;

@ the a; admit minimising harmonic maps.

The energy identity is originally due to Sacks and Uhlenbeck (1981). See also Kawai,
Nakauchi, Takeuchi (1999).
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Infinitely many homotopy classes with minimisers for the Hopf
invariant

Theorem (Riviére (1998))

There exist infinitely many homotopy classes of 73(52) having a minimising harmonic
map.

Recall: 113($?) = Z, described by the Hopf invariant.
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Infinitely many homotopy classes with minimisers for the Hopf
invariant

Theorem (Riviére (1998))

There exist infinitely many homotopy classes of 73(52) having a minimising harmonic
map.

Recall: 113($?) = Z, described by the Hopf invariant.

Ingredients:
@ The energy identity;

@ Sublinear growth of the energy to realise a homotopy class.
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A general principle

We let deg: 11,(#') — R be any element of Hom(m,(4'); R).

Theorem (D., Grzela, Mazowiecka)

Assume that there exists a sequence (dk)xen such that

1
lim — inf En(u) =0.
k—-+oo i uew'n(S";.) )

deg u=dk

Then, there exists infinitely many homotopy classes of 71,(.#") that admit a minimising
harmonic map.
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Critical and optimal exponents
For every deg € Hom(7t,(./'); R), there exists p € (0, 1], called the critical exponent, such that
deg(u)P < En(u) for every u € W'(S™; ).

This is connected to rational homotopy theory, Sullivan’s minimal models, and the work
of Novikov (see also Hardt and Riviére (2008)).
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Critical and optimal exponents
For every deg € Hom(7t,(./'); R), there exists p € (0, 1], called the critical exponent, such that
deg(u)P < En(u) for every u € W'(S™; ).

This is connected to rational homotopy theory, Sullivan’s minimal models, and the work
of Novikov (see also Hardt and Riviére (2008)).

The critical exponent p is optimal if there exists a sequence dx — +oo such that

deglr::idk En(u)

lim ———— =p.
k—I>Tc>o log dk p

Determining whether critical exponents are optimal is an interesting problem in general.
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S
Optimality for the Hopf invariant

Proposition (D., Grzela, Mazowiecka) J

The critical exponent #2=! for the Hopf invariant on $2" is optimal.
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Optimality for the Hopf invariant

Proposition (D., Grzela, Mazowiecka)

The critical exponent #2=! for the Hopf invariant on $2" is optimal. J

Corollary

There exist infinitely many homotopy classes of Ttan—1($2") having a minimising harmonic map. J
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Optimality for the Hopf invariant

Proposition (D., Grzela, Mazowiecka)

The critical exponent #2=! for the Hopf invariant on $2" is optimal. J

Corollary

There exist infinitely many homotopy classes of 1tan—1(8") having a minimising harmonic map. J

Extra difficulty when n > 2: Handle the presence of torsion.
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Optimality for complex projective planes

2n+1
2n+2

The critical exponent

Proposition (D., Grzela, Mazowiecka)
for m2p41(CPP") ~ Z. is optimal. J
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Optimality for complex projective planes

Proposition (D., Grzela, Mazowiecka)

The critical exponent gz:; for m2p41(CPP") ~ Z. is optimal. J

Corollary

There exist infinitely many homotopy classes of Tiap4.1(CIP") having a minimising harmonic map. J
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Optimality for complex projective planes

Proposition (D., Grzela, Mazowiecka)

The critical exponent 32:[; for m2p41(CPP") ~ Z. is optimal. J

Corollary

There exist infinitely many homotopy classes of 1ton41(CPP") having a minimising harmonic map. J

Ingredients of the proof: Some differential geometry and elliptic operator magic.
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Explicit examples of Hopf classes with minimisers

The theorem by Riviére does not allow to determine which classes have minimisers.
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Explicit examples of Hopf classes with minimisers

The theorem by Riviére does not allow to determine which classes have minimisers.

Recently, Wang and Zhang proved that the Hopf map is a minimiser among maps with
Hopf degree equal to 1.

Theorem (Wang and Zhang (2026))

Foreveryd € Z,
inf Es(u) > 8V212|d|s.

degy u=

Equality is attained for d = 1 exactly if u = H is the Hopf map, up to conformal

transformation.
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Minimisers for higher degrees

Proposition (D., Grzela, Mazowiecka)

Letd > 2. If
inf__Eo(u) < 8V272(1 + (d - 1)),

degy u=

then there exists a minimiser of degree d.
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Minimisers for higher degrees

Proposition (D., Grzela, Mazowiecka)

Letd > 2. If
infEa(u) < 8V272(1 + (d — 1)3),

degy u=

then there exists a minimiser of degree d.

This gives a criterion to prove existence of minimisers simply by exhibiting maps with

sufficiently small energy.
It seems that bruteforce Al can do it ford = 2, 3, 4.
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Thank you for your attention!
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